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1 Introduction 

The Nirenberg problem concerns the following: For which positive function K on the standard 
sphere (§",(7gn),?i > 2, there exists a function w on §" such that the scalar curvature (Gauss 
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curvature in dimension n ^ 2) Rg of the conformal metric g = e'^gs" is equal to K onS"1 The 
problem is equivalent to solving 

-Ag..„w + 1 = Ke"^"^, onS^, 

and 

- Agg„ V + c{n)Rov = c{n)Kv^ , on §" for n > 3, 

where c(n) — (n— 2)/(4(n— l)),i?o = is the scalar curvature of (S",5sn) and w — e^^™. 

The first work on the problem is by D. Koutroufiotis 1651 . where the solvability on §^ is es- 
tablished when K is assumed to be an antipodally symmetric function which is close to 1. Moser 
||78l established the solvability on §^ for all antipodally symmetric functions K which is positive 
somewhere. Without assuming any symmetry assumption on K, sufficient conditions were given in 
dimension n = 2 by Chang and Yang (3U\ and (3V\, and in dimension n = 3 by Bahri and Coron 
(|6J. Compactness of all solutions in dimensions n = 2, 3 can be found in work of Chang, Gursky 
and Yang ||29ll . Han lf55l and Schoen and Zhang ll88l . In these dimensions, a sequence of solutions 
can not blow up at more than one point. Compactness and existence of solutions in higher dimen- 
sions were studied by Li in |68| and |69|. The situation is very different, as far as the compactness 
issues are concerned: In dimension n > 4, a sequence of solutions can blow up at more than one 
point, as shown in ||69l . There have been many papers on the problem and related ones, see, e.g., 
|[l]|2l[2|71|3[l0l[l3[l7l|25l|23|2E[30l|3l] 27, 34 35l 123 IS] SI 531 '55 56, 58 61 62, 6ll|75l 



In 1541 , Graham, Jenne, Mason and Sparling constructed a sequence of conformally co variant 
elliptic operators, {P^}, on Riemannian manifolds for all positive integers /c if n is odd, and for 
k £ {1, • • • , ?i/2} if n is even. Moreover, Pf is the conformal Laplacian —Lg := — Ag + c{n)Rg 
and P2 is the Paneitz operator The construction in 1541 is based on the ambient metric construction 
of l49 |. Up to positive constants -Pf (1) is the scalar curvature of g and -P|(l) is the Q-curvature. 
Prescribing Q-curvature problem on S" was studied extensively, see, e.g., l8l l4ni42l|43ll50ll9Tll92l . 

Making use of a generalized Dirichlet to Neumann map, Graham and Zworski l53l| introduced 
a meromorphic family of conformally invariant operators on the conformal infinity of asymptot- 
ically hyperbolic manifolds. Recently, Chang and Gonzalez l28l reconciled the way of Graham 
and Zworski to define conformally invariant operators P^ of non-integer order a E (0, §) and 
the localization method of Caffarelli and Silvestre l22ll for factional Laplacian (— A)'^ on the Eu- 
clidean space M". These lead naturally to a fractional order curvature R^ :— P^{1), which will be 
called cr-curvature in this paper A typical example is that standard conformal spheres (§", [ggn]) 
are the conformal infinity of Poincare disks (B""*"^, ^Bn+i). In this case, cr-curvature can be ex- 
pressed in the following explicit way. Let 5 be a representative in the conformal class [gs^] and 
4 

write g = v"^^ggn, where v is positive and smooth on Then the a-curvature for (§", g) can be 
computed as 

R'^g ^V-^P^{V), (1.1) 

where Pa is an intertwining operator and 



r is the Gamma function and A^,,, is the Laplace-Beltrami operator on (§", gs")- The operator P^ 
can be seen more concretely on M" using stereographic projection. The stereographic projection 
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from §"\{iV} to R" is the inverse of 

where N is the north pole of §" . Then 

{P„moF^\JF\-'^{-Ar{\JF\^{cboF)), for,^€ C7°°(§") (1.3) 

where 

\Jf\- 



l + \x 

and (— A)"^ is the fractional Laplacian operator (see, e.g., page 117 of 1861). When a E (0, 1), 
Pavlov and Samko lISTl showed that 



PAvm) - PMHO + Cn,-a I ,r (C) (1.4) 



for V £ C^fS"), where Cr, -a = — ^ — ^ — - — and L„ is understood as lim f, ,^ . 

For the cr-curvatures on general manifolds we refer to 1531 . Il28l . Il52l and references therein. 
Corresponding to the Yamabe problem, fractional Yamabe problems for cr-curvatures are studied in 
lISTl , [521 and |82|, and fractional Yamabe flows on §" are studied in [64j. 

From ( II. lb . we consider 

P^{v)^c{n,a)Kv^, onS", (1.5) 

where c{n,a) ~ Pcr(l), and K > Q is a continuous function on When K ^ 1, (11.5b is the 
Euler-Lagrange equation for a functional associated to the fractional Sobolev inequality on S" (see 
||8]), and all positive solutions must be of the form 

n-2<T 

for some G and positive constant A. This classification can be found in ||74l , ||36l and ifTOl . 
In general, ( 11.51 ) may have no positive solution, since if u is a positive solution of ( |1.5b with K € 
(§") then it has to satisfy the Kazdan- Warner type condition 

/ (V<,,„if,Vg,„O«^d^ = 0. (1.7) 

Consequently if K{(^) — ^n+i + 2, ( 11.51 ) has no solutions. The proof of ( |1.7b is provided in Appendix 
\AJ\ 

In this and a subsequent paper 163], we study ( 11.5b with a E (0, 1), a fractional Nirenberg 
problem. Throughout the paper, we assume that cr e (0,1) without otherwise stated. 

Definition 1.1. For d > 0, we say that K E C(§") has flatness order greater than dat ^ if, in some 
local coordinate system {j/i, • • • , y„} centered at ^, there exists a neighborhood ffofO such that 
K{y)^K{Q)+o(\y\'')inff. 



3 



Theorem 1.1. Let n > 2, and K G C^'^(S") be an antipodally symmetric function, i.e., K{^) = 
K{—^) V ^ S S", and be positive somewhere on If there exists a maximum point of K at 
which K has flatness order greater than n — la, then (11.51 ) has at least one positive solution. 

For 2 < 71 < 2 + 2(7, K E C^'^(§") has flatness order greater than n — 2cr at every maximum 
point. When cr = 1, the above theorem was proved by Escobar and Schoen P6| for n > 3. 

Theorem 1.2. Let n > 2. Suppose that K G C^'^(§") is a positive function satisfying that for any 
critical point of K, in some geodesic normal coordinates {yi, ■ ■ ■ , J/n} centered at S.o, there exist 
some small neighborhood ffofQ and positive constants /? = /3(^o) G {'"^ ~ 2c, n), 7 € (n — 2a, /3] 
such that K € C^'y]'i-l'y](^fi"j (where [7] is the integer part of"/) and 

n 

K (y) = K (0) + djlVj f + R{y), inff, 

where Gj = aji^o) + 0, YTj=i 7^ 0, R{y) G C^^^-'^'^ff) satisfies 
Efio \y'R{y)\\yr^+' ^Oasy^O.If 

5gS" such that Vgg„ a'(c)=o, J2]=i aj(5)<o 

where 

m = : Vg,„X(0 = 0,aj(e) < 0, 1 < J < n}, 

f/jen (II.5I 1 /jai at least one positive solution. Moreover, there exists a positive constant C depend- 
ing only on n, a and K such that for all positive solutions v of ( 11.51 ), 

llC<v<C and ||w||c2(S") < C. 

For n = 2>,a — 1, the existence part of the above theorem was established by Bahri and Coron 
||6l . and the compactness part were given in Chang, Gursky and Yang ||29l and Schoen and Zhang 
ll88l . For n > 4,a = 1, the above theorem was proved by Li |68 1. 

We now consider a class of functions K more general than that in Theorem |1.2| which is modified 
from f68]. 

Definition 1.2. For any real number (3 > 1, we say that a sequence of functions {Ki\ satisfies 
condition [^Yi^ for some sequence of constants L{j3,i) in some region f2i, if {Ki\ G C^^^'^^^^\Vli) 
satisfies 

and, if l3 > 2, that 

for all2<s< y G fl„ VKi{y) ^ 0. 

Note that the function K in Theorem ll.2l satisfies condition. 
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Remark 1.1. For 1 < /3i < /32> if {Ki} satisfies (*)^, for some sequences of constants {L(/32, *)} 
in some regions then {Ki\ satisfies for {L{(3i, i)}, where 



L(/32, j) max 
L(/32, j) max 



max 

2<s<[/3i 

max 

2<s<[/3i 



g2-[/3ll-l 



diam(ri,)i+[ftl-^i 



in the corresponding regions. 

The following theorem gives a priori bounds of solutions in L " ^■^ norm. 

Theorem 1.3. Let n > 2, and K £ C^'^(§") be a positive function. If there exists some constant 
d > such that K satisfies for some constant L > Qin^d '■= G '■ 1^30-^(01 < 'f}' 

then for any positive solution v £ (S") of ( 11.51 ), 

lklL^_.<C, (1.8) 



where C depends only on n, a, infgn K > 0, ||iir||pi,i(S7i), L, and d. 

The above theorem was proved by Schoen and Zhang ll88l for n 
for n > A and a = 1. 

Denote iJ°'(§") by the closure of C°°(§") under the norm 



3 and a — 1, and by Li 



The estimate (11.8b for the solution v is equivalent to 

ll«lk^(S") < C. 

However, the estimate ( |1.8l l is not sufficient to imply L°° bound for v on S" . For instance, 



dvol 



go 1 



but f^(,,A(Co) = — > oo as A — > oo. Furthermore, a sequence of solutions Vi may blow up at 
more than one point, and it is the case when a = 1 (see f69l). The following theorem shows that the 
latter situation does not happen when K satisfies a little stronger condition. 

Theorem 1.4. Let n > 2. Suppose that {Ki} G C^'^(§") is a sequence of positive functions with 
uniform C^'^ norm and 1/Ai < Ki < Ai on for some > independent of i. Suppose 
also that {Ki} satisfying (*)^ condition far some constants /3 > n — 2a, L,d > in Qd- Let 
{vi} G C^(§") be a sequence of corresponding positive solutions of il.5i and Wj(^j) = maxgn Vi 
for some ^i. Then, after passing to a subsequence, {vi} is either bounded in L°° (§") or blows up at 
exactly one point in the strong sense: There exists a sequence ofMobius diffeomorphisms {tpi} from 
S" to §" satisfying ipi{^i) = ^i and \ detd(pi{^i)\ 2n = such that 



CO(S") 



0, 



where T^p^Vi := (v o Lpi) \ det dipt 
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For n = 3,(7 = 1, the above theorem was established by Chang, Gursky and Yang in ||29]| and 
by Schoen and Zhang in 1 88 1 . For n> 4:,a — 1, the above theorem was proved by Li in ll68l . 

Mobius diffeomorphisms ip from S" to S" are those given hy ip — (f) o F where is a Mobius 
transformation from R" U {oo} to R" U {oo} generated by translations, multiplications by nonzero 
constant and the inversion x — > aj/jccp. 

Our local analysis of solutions of il.5\ relies on a localization method introduced by Caffarelli 
and Silvestre in |22| for the factional Laplacian (— A)'^ on the Euclidean space R", through which 
( 11.51 ) is connected to a degenerate elliptic differential equation in one dimension higher (see section 

m. 

The proofs of Theorem 11.31 and Theorem 11.41 make use of blow up analysis of solutions of 
( 11.51 ). which is an adaptation of the analysis for cr = 1 developed in [88 1 and |68|. Our blow up 
analysis requires a Liouville type theorem. For the definitions of weak solutions and the space 
Hiocit^^^'^ ,^+^^) in the following Liouville type theorem we refer to Definition l2.1l and the begin- 
ning of section |3] 

Theorem 1.5. Let U € i^zocli^"^", U{X) > in R^-^^ and U ^ 0, be a weak solution of 

div{t^-^''\'U{x,t)) =0, inRl+\ 

-limt^-^''dtU{x,t) ^U^{x,0), xeR". ^^'^^ 
Then U {x, 0) takes the fonn 

where A > 0, a:o G R", c„_ct is the constant in (11.5b and No- is the constant in i2.4i . Moreover, 

Uix,t)^ [ Va{x-y,t)U{y,Q)dy 
for [x, t) G R""*"^, where Va{x) is the kernel given in (I2.2I I. 

Remark 1.2. If we replace U^^{x,0) by UP{x,0) for < p < in il.9i . then the only 

nonnegative solution of (|1.9l l is U = 0. Moreover, for p < 0, il.9\ has no positive solution. These 
can be seen from the proof of Theorem 17.51 with a standard modification ( see, e.g., the proof of 
Theorem 1.2 in [24]). For a e (1/2, 1) and 1 < p < ^^^2a ' ^'^''^ result has been proved in l\40]l . 

Remark 1.3. We do not make any assumption on the behavior of U near oo. If we assume that 
U e i/(ti-2'^,M'[+^), the theorem in the case of p = follows from j^M} and When 

(T = ^, the above theorem can be found in 4591/ . MQI/ . 4731/ . i l&QI/ and l[72]l . 

Given the pages needed to present the proofs of all the results, we leave the proofs of Theorem 
II. H and the existence part of Theorem ll.2l to the subsequent paper |63 1. The needed ingredients for 
a proof of the existence part of Theorem ll.2l are all developed in this paper With these ingredients, 
the existence part of Theorem 11.21 follows from a perturbation result and a degree argument which 
are given in [i63i . 
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The present paper is organized as the following. In section |2] we derive some properties for 
solutions of fractional Laplacian equations. In particular we prove that local Schauder estimates 
hold for positive solutions. In section[3] using the method of moving spheres, we establish Theorem 
11.51 This Liouville type theorem and the local Schauder estimates are used in the blow up analysis 
of solutions of dl.Sl l. In section]?] we establish accurate blow up profiles of solutions of jl.St near 
isolated blow up points. In fact most of the estimates hold also for subcritical approximations to 
such equations as well including in bounded domains of M". In section]?] we provide H"^ (S") norm 
a priori estimates, at most one isolated simple blow up point, and L°°(S") norm a priori estimates 
for solutions of dl.St under appropriate hypotheses on K. The proofs of Theorem 1 1 . 21 1 1 . 3 1 and 1 1 .41 
are given in this section. In the Appendix we provide a Kazdan- Warner identity. Lemma ]4!4l that is 
in the same spirit of the classical Bocher theorem, two lemmas on maximum principles and some 
complementarities . 

2 Preliminaries 

2.1 A weighted Sobolev space 

Let a e (0,1), X = {x,t) e R"+i where x e R" and t e M. Then {tl^-^" belongs to the 
Muckenhoupt A2 class in M"+^, namely, there exists a positive constant C, such that for any ball 

Let D be an open set in R"+^. Denote L'^{\t\^^'^°' , D) as the Banach space of all measurable 
functions U, defined on D, for which 

l|f/||L^(|t|i--,D) := (^J^ \t\'-^"U^dX^ ' < 00. 

We say that U £ Hdt]^-^" , D) if U e L^dt]^^^" , D), and its weak derivatives VU exist and 
belong to L^diji-^'^, D). The norm of U in H {\t\^-'^'' , D) is given by 

l|C/|U(|t|--,D) \t\'-'^U'iX) dX + J^ \t\'-'^\VUiX)f dX 

It is clear that H{\t\^~'^"' , D) is a Hilbert space with the inner product 

{U,V) := / Itl^'^-^iUV + \/U\/V)dX. 
Jd 

Note that the set of smooth functions C°°{D) is dense in H{\t\^^'^'^ , D). Moreover, if D is a domain, 
i.e. a bounded connected open set, with Lipschitz boundary dD, then there exists a linear, bounded 
extension operator from i7(|t|i-2T £)) to H{\t\^-'^'' (see, e.g., 1391 ). 

Let be an open set in M". Recall that H'^{il) is the fractional Sobolev space defined as 

I \x~y\2+'^ J 
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with the norm 

The set of smooth functions C°°{n) is dense in H'^{^1). If is a domain with Lipschitz boundary, 
then there exists a linear, bounded extension operator from H'^{il) to _ff'^(M"). Note that iJ'^(M") 
with the norm || • ||/f»(Hn) is equivalent to the following space 

{u e L2(]gn) . ^ L2(M")} 

with the norm 

\\-\\LHR^) + mm-m\\LHM^) 

where =^ denotes the Fourier transform operator. It is known that (see, e.g., | |76| ) there exists C > 
depending only on n and a such that for U G H{t^-'^'' ,Rl+^) n C(R'|+^), ||?7(-,0)||h-(R'.) < 
C'||C/||//((i-2<T R"+i)- Hence by a standard density argument, every U G R""'"^) has a 

well-defined trace w U{-,0) e iJ^(M"). 

We define iJ°"(K") as the closure of the set Cj?°(R") of compact supported smooth functions 
under the norm 

hllff^(E") = IIICr^(«)(OllL^(K")- 

Then there exists a constant C depending only on n and a such that 

<Ch||^„(R„) forallueCr(M"). (2.1) 

Forany u e ij'"(M"), set 

U{x,t)=Va[u]:^ [ Va{x-ttMOd^, e R';+^ :=]R" X (0,+oo), (2.2) 

where 

ra{x,t) = /3(n,cr)— — — 

with constant /?(n,CT) such that /jj„ -p„(a;, l)da; = 1. Then G C°°(R"+^), t/ G L^{t^-^'',K) 
for any compact set il' in R++\ and VC/ G L'^{t^-'^'' ,R'^'^^). Moreover, U satisfies (see ll22l ) 

div(ti"2<Ty^^ ^ Q inR';+\ (2.3) 

llVi7||^2(ti-2.^R^+i) = 7V^||u||^„(U")' (2-4) 

and 

- limil-2<Tg^^(-^^^^ ^ jjjjgn (2.5) 

in distribution sense, where = 2i"2<Tp(^^ _ (t)/T{ct). We refer C/ = V^lu] in ( |Z2] ) to be the 
extension of u for any u E ij'^(R"). 

For a domain Z? C R"+^ with boundary dD, we denote d'D as the interior of Z? n 9R"+^ in 
R" = 9R';+i and d"D = dD\ d'D. 
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Proposition 2.1. Let D = n x (0, i?) C M" x R+, > and dn be Lipschitz. 

(i) IfU e H{t^-^'^,D) n C{DUd'D), then u := U{-,0) G H-^in), and 

WuWwin) < C\\U\\H(t^-^'' ,D) 

where G is a positive constant depending only on n, cr, R and fl. Hence every U £ H{t^~'^'^ , D) 
has a well-defined trace U{-,0) € H'^{n) on d' D. Furthermore, there exists Cn.a > depending 
only on n and a such that 

||C/(-,0)||^_2^^^^ < C„,.||VC/|U2(,i-2„^^) forallU eC^iDUd'D). (2.6) 

(ii) If u G H'^{fl), then there exists U G H[t^^^'^ , D) such that the trace ofU on Q. equals to u 

and 

where C is a positive constant depending only on n,a, R and O. 

Proof. The above results are well-known and here we just sketch the proofs. For (i), by the pre- 
viously mentioned result on the extension operator, there exists U G K"+^) such that 
U = UinDand 

l|C^ll_f/(ti-2-,R"+i) < C\\U\\H{t^-'^''M}- 
Hence by the previously mentioned result on the trace from H{t^^^'^ ) to i/'^(M"), we have 

< \\U{-,0)\\h''(R") < C'l|f^llff(ti-2<.,RJ+i) < C\\U\\H{t^-^'',D)- 

For i2.6\ . we extend U to be zero in the outside of D and let V be the extension of U{-,0) as in 
(I2l2] |. The inequaUty (IZ6] l follows from dTTT i. (Ell and 

|lVV^||^2(tl-2.^K;+l) ^ ll^t^llL2(il-2<,_R^+l) 

where Lemma IA3] is used in the above inequality. 

For (ii), since 9r2 is Lipschitz, there exists u G i?°'(M"') such that -S = w in f2 and ||ii||^<T('jfTi) < 
C'||u||_w(si). Then U = Vcr[u], the extension of u, satisfies (ii). □ 

2.2 Weak solutions of degenerate elliptic equations 

Let L> be a domain in with & D ^ 0. Let a G [d' D) and h G L]^^{d'D). Consider 

J dvv{t^-^''VU{X)) = in Z? 

1 - lim t^-^''dtU{x, t) = a{x)U(x, 0) + b(x) on d'D. ^^''^^ 

Definition 2.1. We say that U G H{t^^^" , D) is a weak solution (resp. supersolution, subsolution) 
of dZTl l in D, if for every nonnegative <& G {D U d'D) 



[ t^^^'^VC/V* = (resp. >, <) / aC/$ + 6$. 

Jd Jd'D 



(2.8) 
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We denote Qr ~ Br x (0, R) where Br C M" is the ball with radius R and centered at 0. 

Proposition 2.2. Suppose that a{x) G {Bi) and b{x) e L'^^ {Bi). Let U £ H{t^^^'^ ,Qi) 
be a weak solution of ( I2.7l l in Qi. There exists (5 > depending only on n and a such that if 
II a"*" 11^^^^ J < S, then there exists a constant C depending only on n, a and S such that 

l|C^llH(tl-2-,Ql/2) < C{\\U\\L2(t^-1.^Q^) + ||6||^_2^^^^^). 

Consequently, if a e LP{Bi) for p > then C depends only on n,a, ||a||Lp(_Bi)- 

Proof. Let rj E C^{Qi U d'Qi) be a cut-off function which equals to 1 in Q1/2 and supported in 
Q3/4. By a density argument, we can choose rj^U as a test function in ( 12.8b . Then we have, by 
Cauchy-Schwarz inequality. 



jQi JQi Jd'Qi 



a+{-qU f + bT]'^U dx. 



By Holder inequality and Proposition l2.1 



l-2tT 



a+{lPYdx<5\\lPr^ <5C{n,am{,p)\\i.^^^ 

Id'Qi L"-^" (d'Qi) 

By Young's inequality V e > 0, 

br^'Ui; 0)dx <e\\vU\\l^ +C{s)\\b\\^^ 

<£C(n,a)||V(ryC/)||i.(,,_.„_Q^)+C(e)||6||2^ 

The first conclusion follows immediately if (5 is sufficient small. 

If a S LP{Bi), we can choose r small such that ||a||^^^^ < S for any ball Br{xo) C -Bi. 

Then U{x,t) — r 2 [/(rx + xo,rt) satisfies (I2.7l l with a{x) = r'^" a{rx + xq) and b{x,t) = 
r^~b{rx + xq) in Qi. Since ||a||^jL.j^ ^ < (5, applying the above result to IJ, we have 

\\U\\H(t^---''.Bi,2X(0.r/2)) < C'(ll?^llL2(ti-2._Q^) + || fo|| ^_2^ ^^^^ ) 

where C depends only on n, ct, ||a||ioc(Bj). This, together with the fact that il.li is uniformly elliptic 
in _Bi X (r/4, 1), finishes the proof. □ 

Proposition 2.3. Suppose that a{x) e L^^ (Bi)- There exists (5 > which depends only on n and 
a such that if \\a'^ \\ ^ < S, then for any b{x) G L "+2" (Si), there exists a unique solution in 
Hit^-^", Qi) to (O with U\o"Qi = 0. 
Proof. We consider the bilinear form 

B[U,V]:= [ t^-^^VUVV dX - [ aUVdx, U,V e A 

JQi Jd'Qi 

where A :— {U E H{t^^^'^ , Qi) : U\g"Q^ = in trace sense}. By Proposition |2T1 it is easy to 
verify that B[-,-] is bounded and coercive provided 5 is sufficiently small. Therefore the proposition 
follows from the Riesz representation theorem. □ 
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Lemma 2.1. Suppose U € H{f--'^'',D) is a weak supersolution of ( 12.71 1 in D with a = b — 0. If 
U{X) > on d" D in trace sense, then U > in D. 

Proof Use as a test function to conclude that = 0. □ 

The following result is a refined version of that in |90|. Such De Giorgi-Nash-Moser type theo- 
rems for degenerated equations with Dirichlet boundary conditions have been established in 1,48 J . 

Proposition 2.4. Suppose a, b e LP (Bi ) for some p > 

(i) Let U £ H(t^^^" , Qi) be a weak subsolution of ( I2.7l l in Qi. Then \f v > 

sup U+ < C(||C/+|U.(,i-2.,Q^) + ||6+|U.(s,)) 

Ql/2 

where = max(0, U), and C > depends only on n, a,p, v and Ija+ll^pj-^j). 

{ii) Let U G Hit^^^" , Qi) be a nonnegative weak supersolution of (12.71 ) in Qi. Then for any 
0</i<r<l, 0<i/< we have 

MU + \\b-\\LP(^B^) > C\\U\\Lu^t^-2.^Q^^ 

where C > depends only on n, a,p, v, p, r and \\a~ \\lp(Bi)- 

(Hi) Let U G H{t^~^'^ , Qi) be a nonnegative weak solution of (I2.7l l in Qi. Then we have the 
following Harnack inequality 

supC/<C(inf C/+|16|Up(bo), (2-9) 

Ql/2 '3l/2 

where C > depends only on n, a,p, \\a\\i^p(^g-^y Consequently, there exists a G (0, 1) depending 
only on n, a,p, ||a||Lp(_Bi) such that any weak solution U {X) of (I2.7l l is of C°'{Qi/2)- Moreover, 

||{/|lc«(Qi7i)<c(l|t^lU-(Qi) + ll&llL-(Bo) 

where C > depends only on n, cr,p, ||a||Lp(_Bi)- 



Proof. The proofs are modifications of those in 119011 . where the method of Moser iteration is used. 
Here we only point out the changes. Let k = \\b~^\\Lp{Bi} if ^ 0, otherwise let fc > be any 
number which is eventually sent to 0. Define U — C/+ + k and, for m > 0, let 



Consider the test function 




if [/ < TO, 
if J7 > TO. 



cly = rj\uiu-k^+')eH{t'-^'^,Q,), 
for some /3 > and some nonnegative function i] e C^{Qi U d'Qi). Direction calculations yield 

£ 

that, with setting W = U^U, 

^[ t^-'^^lS/iT^W)]^ <16 [ il-2<T|y^|2^2^4 /■ („+ + ^)^2^2^ (2.10) 
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By Holder's inequality and the choice of k, we have 



(« + irV^ ^ (ll«+llLP(i3,) + l)h'W^1lLp'(i30 
d'Qi 1^ 

where »' = ^ < ^i^. Choose < 6* < 1 such that ^ = 9 + The interpolation 

inequality gives that, for any £ > 0, 

'^'^ \Bi ) 



By the trace embedding inequality in Proposition 12. II there exists C > depending only own, a 
such that 

By Lemma 2.3 in ||90l . there exist 6 > and C > both of which depend only on n, a such that 

\\v'W^,.^B.)<s^ f t'-^''\V{r,W)\'+e-U t^~'^r^^W\ 
jQi JQi 

By choosing e small, the above inequalities give that 

Qi JQi 

where C depends only on n,<T and ||a^||LP(Bj). Then the proof of Proposition 3.1 in ll90l goes 
through without any change. This finishes the proof of (i) for i' = 2. Then (i) also holds for any 
ly > which follows from standard arguments. For part (ii) we choose k = if ^ 0, 

otherwise let fc > be any number which is eventually sent to 0. Then we can show that there exists 
some I'o > for which (ii) holds, by exactly the same proof of Proposition 3.2 in ll90l . Finally 
use the test function (j) = U ^rf with /3 e (0, 1) to repeat the proof in (i) to conclude (ii) for 
< < Part (iii) follows from (i), (ii) and standard elliptic equation theory. □ 

Remark 2.1. Harnack inequality i2.9h without lower order term b, has been obtained earlier in 
h23'i using a different method. 

The above proofs can be improved to yield the following result. 

Lemma 2.2. Suppose a G L^{Bi),b e LP{Bi) with P > ^ and U G H{t^^^'^ ,Qi) is a 
weak subsolution of ( 12.71 ) in Qi. There exists d > which depends only on n and a such that if 
W'^^h^iB,) <^'then 

\\U+{-ML.ia'Q,,,) < C{\\U+\\Hit^-^^,Q,) + II^^+IIl.cb,))- 

"2(n+l) rt(p^l) 



where C > depends only on n,p, cr, S, and q =^ min I 



-2a- ' (n-2(T)p n-2cr 



Remark 2.2. Analogues estimates were established for —Au ~ a{x)u in U5V (see Theorem 2.3 
there) and for — div(| Vw|^~^Vu) = a{x)\u\P~''^u in (see Lemma 3.1 there). 
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Proof of Letnma \T2\ We start from ( 12.101 ). where we choose /3 = min ^^^rfs^) ■ Holder 
inequality and Proposition |2.1| 



'Qi ^ ^' 



By Poincare's inequality in 1,48] . we have 

t'-'-\Wv\^W^ < C„^.,p|lC7|U(ti--,Q,)- 
If 6 is sufficiently small, the the above together with ( 12.101 ) imply that 

Hence it follows from Holder inequality and Proposition 12 . II that, by sending to — oo, 

\\U{-,0)\\L.ia'Q,;,) < Cn,a..p f t''^" \W {vW)\' < C„,.,p 1 1 C7|k(ti-- ) . 

Jqi 

This finishes the proof. □ 

Corollary 2.1. Suppose that K e L°°{Bi), U G H{t^^'^" , Qi) and U > in Qi satisfies, for some 
l<p< (n + 2cr)(n-2cr), 

J divit^'^^VUiX)) = in Qi 

y- Yim^t^-'^"dtU{x,t) =K{x)U{x,Oy ond'Qi. 

Then (i) U e L^^{Qi U d'Qi), and hence [/(•, 0) e Lf^^iBi)- 

(ii) There exist C > and a € (0, 1) depending only on n,a,p, ||it||L«i(B3^^), ||^||l°°(B3/4) 
such that U G C"((5i/2) and 

Note that the regularity of solution of — Au = u"-^ was proved by Trudingerin 08911 . 

Proof of Corollary\2j\ By Proposition O U{-,0) e H''{Bi) C L^(Bi). Thus U{-,0)p-^ € 
(Bi). Then part (i) follows from Lemma l272l and Proposition 12.41 Part (ii) follows from Propo- 
sition |22] and Proposition 1231 □ 
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2.3 Local Schauder estimates 

Let 17 be a domain in R", a £ L]^ {9) and h e Lj^^i^). We say u £ i7'"(M") is a weak solution 
of 

{-A^u^ a{x)u + b{x) inft 
if for any e C°°(M" ) supported in fl. 



(-A)2u(-A)20 = / a{x)u(l) + b{x)(l). 
Jn 

Then by (|23]l, u G ij'^(M") is a weak solution of 

(-A)'"?i = — ('a(a;)w + in Bi 

if and only if U ~ Vaiu], the extension of u defined in ( 12.21 ). is a weak solution of jUj in Qi. 

For a £ (0, 1), C"(ri) denotes the standard Holder space over domain fi. For simplicity, we use 
C"{n) to denote C["l'""l"l (Q) when 1 < a ^ N (the set of positive integers). 

In this part, we shall prove the following local Schauder estimates for nonnegative solutions of 
fractional Laplace equation. 

Theorem 2.1. Suppose a{x),b{x) £ C"(Bi) with < a N. Let u £ ij'"(M") and u > in M" 
be a weak solution of 

{- Ay u = a{x)u + h{x) , in Bi. 
Suppose that 2a + a is not an integer. Then u £ C'^"^°'{Bi/2)- Moreover, 

WAc^'+'-iBu^) < C'(inf M+ ||fo||c°(B3/4)) (2.11) 

-fc>3/4 

where C > depends only on n, cr, a, ||a|jpc.(5g^^-|. 

Remark 2.3. Replacing the assumption u > in R" by u > in Bi, estimate (12.1 11 1 may fail 
(see H66\l }. Without the sign assumption ofu, ( I2.11l i with infsg^^ u substituted by ||m||loo(r>i) holds, 
which is proved in H21\I . I[20]l and 4791/ in a much more general setting of fully nonlinear nonlocal 
equations. 



The following proposition will be used in the proof of Theorem |2.1| 

Proposition 2.5. Let a{x), b{x) £ C'^{Bi), U{X) £ H{t^^^'^ ,Qi) be a weak solution of jl-H in 
Qi, where k is a positive integer Then we have 

k 

E IIKC^I1l~(Qv2) < C(||{7|U.(*i-..,Q,) + 

C''(Bi)j; 

1=0 

where C > depends only on n, cr, k, ||a||c''=(Si)- 
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Proof. We know from Proposition 12.41 that U is Holder continuous in Qs/g- Let h G K" with \h\ 

W 



sufficiently small. Denote U^{x,t) = v(x+h,t)~u(x,t) ^ ^^^^ 

is a weak solution of 



J diY{t^-^''VU''{X)) =0 in Qs/g 

1 - lim t^-^^dtW'ix, t) = a(x + K)U^ + a^U + on d'Q^/g. "^^'^^^ 

By Proposition l2.2l and Proposition l2.4l 

||C^''||ff(tl-2-,Q2/3) + l|t^''llc°(Q;77) ^ C'(ll^^'l!L2(tl-2<.,Q3/J + ||6||ci(Si)) 

<C(||VC/|U2(,1-2.,Q^^^)+||&||C1(B,)) 
<C(||;7||L2(tl-2.,Q^)+||&||cl(i30) 



for some a G (0, 1) and positive constant C > depending only on n, cr, ||a||(7i(Bi)- Hence V xU G 

2/3 



//(t^"^"^, Q2/3) n C"((32/3). and it is a weak solution of 



rdiv(ii-2-V(V,C/) = inQ2/3 
I - lim t^-^" dt{\/ xU) = aV,C/ + C/V,a + V,5 on a'Q2/3- 



Then this Proposition follows immediately from Proposition 12.21 and Proposition 12 .41 for k ^ \. We 
can continue this procedure for A: = 2, 3, • • • (by induction). □ 



To prove Theorem l2.1l we first obtain Schauder estimates for solutions of the equation 

J Aw{t^-^'^\IU{X)) = in Qi^ 

\- liTa t^^'^''dtU{x,t)^gix) ond'QR. ^^'^^^ 

Theorem 2.2. Let U{X) e Q2) be a weak solution of i2.13i with i? = 2 and g{x) G 

C" {B2) for some < a ^ N. If2a + ais not an integer, then [/(•, 0) is o/C^'^+" (-B1/2). Moreover, 
we have 

||t/(-,0)||c-+c(B,/,) < C(||C/|U^(Q,) + ||<?||c=(B.)), 

where C > depends only on n, a, a. 

This theorem together with Proposition 12.41 implies the following 

Theorem2.3. LetU{X) G H{t^^'^" ,Qi) be a weak solution of ^QJ^ with D = Qi and a{x),b{x) G 
C°'{Bi) for some < a ^ N. If 2a + a is not an integer, then [/(•, 0) is o/C^'^+"(i?i/2). Moreover, 
we have 

|l(7(-,0)||c-+»(B,/,) < C(||;7|U^(Q,) + \\b\\c^(B,)). 
where C > depends only on n, a, a, \\a\\Qc(^g^y 



Proof. From Proposition l2.4l U is Holder continuous in Q3/4. Theorem l2.3l follows from bootstrap 
arguments by applying Theorem l2.2l with g{x) := a{x)U{x, 0) + b{x). □ 
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Proof of Theorem \2.2\ Our arguments are in the spirit of those in ifTSl and ItTI . Denote C as various 
constants that depend only on n and a. Let p = i, Qk = Qpk (0), d'Qk = Bk,k — 0, 1, 2, • • • . 
(Note that we have abused notations a little bit. Only in this proof we refer Qi^, as Qpk, Bpk.) 
We also denote M ~ ||5||c°(S2)- From Proposition 12 . 41 we have already known that U is Holder 
continuous in Qq. First we assume that a e (0, 1) 

Step 1: We consider the case of 2a + a < 1. Let Wk be the unique weak solution of (which is 
guaranteed by Proposition |2.3l ) 

' divit^-^'^yWkiX)) = inQk 
- lim t^-^''dtWk{x,t) = .g(0) - g{x) on d'Qk (2.14) 

Wk{X) = Q ond"Qk 

Let Uk = Wk + U in Qk and hk+i = Uk+i - Uk in Qk+i, then 

WWkh-iQ,) < CMp^^^+"'>\ (2.15) 

Indeed ( 12.151 ) follows by applying Lemma|2?T]to the equation of p^'^'^'^Wkip'^x) ± (i^"' - 3)M p"*^ 
in Qq. Hence by weak maximum principle again we have 

By Proposition |2.5l we have, for i = 0, 1, 2, 3 

WKhk+ih^ iQ,^.) < CAfp(2-+"-)fc. (2.16) 
Similarly apply Proposition |2.5| to Uq, we have 

WKUoh^iQ,) < C(||C/o||l~(q,) + M) < C(||C/|Uc.(Q„) + M) (2.17) 
For any given point z near 0, we have 

|C/(z,0)-C/(0,0)| 

< |C/fc(0, 0) - C/(0, 0)1 + |C/(z, 0) - Ukiz, 0)1 + \Ukiz, 0) - C/fe(0, 0)| 

= /l + /2 + /3 

Let k be such that < |z| < p''+^. By dzTsl ). 

For /3, by dzTel l and ( IzTtI i, 

/3 < |C/o(^,0)-C/o(0,0)| + ^|/i,(z,0)-/i,(0,0)| 



< C|Z|(|!V,C/0|U~(Q,^3) + ||V,/l,|U»(Q,^3)) 

k 

< C\z\ (|!C/|U~(Q„) + M + 
<C|z|(||C/|U^(Q„)+M(l + |z|2'^+"-i)). 
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Thus, for 2a + a < 1, we have 

|f/(z,0) - [7(0,0)1 < C(M+ ||C/|U^(Q„))|zp-+". 

which finishes the proof of Step 1 . 

Step 2: For 1 < 2a + a < 2, the arguments in Step 1 imply that 

||V,C/(-,0)|Uoc(B^) <c(||C/|Uoc(q„)+m). (2.18) 

Apply ( I2.I8I 1 to the equation of Wk we have, together with ( 12.151 1, 

||V,W^fe(.,0)|U^(B,,o < CMp(2'^+"-i)'= 

By dTTel l and jZlTl l, 

|V,C/fc(z,0)-V,C/fe(0,0)| 

< |V,C/o(z, 0) - V,C/o(0, 0)1 + ^ |V,/^,(z, 0) - V,/i,(0, 0)| 



q^l(l|C/|U~(Qo)+Af + Af^p(2.-2+a 

J = l 

q^l(nU~(Qo)+M(l + |zp'^+"-^)). 



Hence 



|V,f/(z,0)- V,[/(0,0)| 

< |V,W^fc(0,0)| + |V,W^fc(z,0)| + |V,C/fc(z,0) - V,[/fc(0,0)| 

< CM/2-+"-i)fe + c|z| (||C/|U.^(Q„) + M{1 + |z|2-+"-2)) 

which finishes the proof of Step 2. 

Step 3: For 2a + a > 2, the arguments in Step 2 imply that 

\\^lU{-M\L-iB,) < c{\\U\\l^^q,)+m), (2.19) 
Apply ( 12.191 1 to the equation of Wk we have, together with ( |2.15l l, 

\\VlWk{-.0)h^^B,^,^<CMp^'^+--'^'^ 
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By dTTel l and ( ITTtI i. 

|V2c/,(z,0)-V2(7fe(0,0)| 

k 

< l^lUoiz, 0) - V2[/o(0,0)| + ^ |Vl/^,(z, 0) - V2/^,(0,0)| 



fe 

<qz|(||v3c/o|U»(Q,^3)+^||v3/^,|u»(Q^ 

i=i 

<qz|(llc/|U=.(Q„) + Af(i + |^p'^+"-3)). 



Hence 



|V^t7(z,0)-V2[/(0,0)| 

< |V2M^fc(0,0)| + |V2pFfc(z,0)| + |V2[/fc(z,0) - V,[/fc(0,0)| 

< CMp(2-+"-2)'c + c|^| + M(l + 

<C{M + \\UU^(Q,))\zr+--\ 

which finishes the proof of Step 3. This finishes the proof of Theorem l2.2l for a € (0, 1). 

For the case that a > 1, we may apply V x to (|2.13t [a] times, as in the proof of Proposition |2.5l 
and repeat the above three steps. Theorem |2.2| is proved. □ 



Proof of Theorem \2.1\ Since u e H" {W'^) is nonnegative, its extension J7 > in M"^^ and U e 
H{t^~^'^ , Qi) is a weak solution of i2.7i in Qi. The theorem follows immediately from Theorem 
Oand Proposition^ □ 



Remark 2.4. Another way to show Theorem \2.1\ is the following. Let u £ iJ'^(M") and u > in 
R" be a solution of 

i-A^u = g{x), in Bi 

where g € C" (-Bi). Let i] be a nonnegative smooth cut-off function supported in Bi and equal to 1 
in B-j/^. Let v G H'^{K" ) be the solution of 

{-Ayv^r]{x)g{x), /« R" 

where rjg is considered as a function defined in M" and supported in Bi, i.e., v is a Riesz potential 
ofV9 

Then if 2a + a and a are not integers, we have (see, e.g., I[86]l } 

||w||c2-+"(Bi/2) ^ C(II^^IU-(R") + llwllc°(R")) < C'll5llc"(Si)- 
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Let w = u — V which belongs to H'^iW^) and satisfies 

Let W = Vc,[w\ be the extension of w, and W = W + ||w||l~(ri) > in M"+^ Notice that W 
is a nonnegative weak solution of ( 12.7b with a = b = and D = Qi. By Proposition 12.51 and 
Proposition \2.4\ we have 

1^+ l|w|lL-(R")llc2<' + °(i3i/2) 

< < C mf W < C( mf u + |1i;|1l-(r..)). 



Q3/4 Q3/4 



Hence 



ll"llc2-+ = (Bi/2) < lkllc2<' + °(Si/2) + ll'«llc2<' + °(Bi/2) 

< C( inf M+ ||5llc°(Bi))- 

-D3/4 

Using bootstrap arguments as that in the proof of Theorem \2.3\ we conclude Theorem \2.1\ 

Remark 2.5. Indeed, our proofs also lead to the following. If we only assume that a{x),b{x),g{x) G 
L°° (Bi), and let U, u be those in Theorem \2.2\ and in Theorem \2. 1 1 respectively, then the estimates 

l|t/(-,0)||c-(s,/,) < Ci(||C/|U»(Q,) + ||g||L^(Bi)) 

ll"llc2'(Bi/2) ^ C'zC inf u + ||6||L-(i33/4)) 
-03/4 

hold provided a 7^ 1/2 , where Ci > depends only on n, cr, a fl«^^ C2 > depends only on 
n, (T, a, ||a||L°°(B3/4)- -for ct = ^, we have the following log-Lipschitz property: for any j/i, 2/2 G 
Bi/i,yi ^ y2. 



|[/(7/l,0)-£/(y2,0)| ,||,,|| II II , I 

< C'i(||[/||loo(q^) - ||5llL~(Bi)log|yi "2/2I), 

\u{yi) - u{y2)\ 



\yi-y2\ ^3/4 



< -C2log|yi - ?;2|( inf u + ||fe||L~(S3/4)) 

where Ci > depends only on n, a and C2 > depends only on n, cr, ||a||L°°(S3/4)- 
Next we have 

Lemma 2.3. (Lemma 4.5 in [23)) Let g £ C"(Bi) for some a G (0, 1) and U G n 
H{t^~^'^ , Qi) be a weak solution of ( 12.131 ). Then there exists /3 G (0, 1) depending only on n, cr, a 
such that t^~'^'^dtU G C^^{Qi/2). Moreover, there exists a positive constant C > depending only 
on n, a and (3 such that 
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Proposition 2.6. Suppose that K € C^{Bi), U G H{t^ ^'^,Qi) and U > in Qi is a weak 
solution of 

( divit^-^^VU) = 0, in Qi 

y-\uRt^~^''dtU{x,t)^K{x)UP{x,{)), ond'Qi, ''^'^^^ 

where 1 < p < ^zi^- Then there exist C > and a G (0, 1) both of which depend only on 

n,(J,p, ||f/||Loo(Q^), \\K\\ci(Q^) such that 

V^U and t^-^"dtU are of C^iQ^) 

and 

Proof. We use C and a to denote various positive constants with dependence specified as in the 
proposition, which may vary from Une to Hne. By Corollarv l2.1l U £ L'^^{Qi U d'Qi) and 

||C/||o.(Q^)<C. 



With the above, we may applv Theorem l23] to obtain U{-,0) G C ■'^(Sy/g) and 

\\Ui;0)\\c^..(B^,-,<C. 

Hence we may differentiate (I2.20l i with respect to x (which can be justified from the proof of Propo- 
sition l2.5T l and apply Proposition l2.4l to WxU to obtain 

Finally we can apply Lemma 1273) to obtain 

□ 



3 Proof of Theorem 1.5 



We first introduce some notations. We say that U € if U e L°°{Qr) for any i? > 0. 

Similarly we say U G i?ioc(i^"^'", if C/ G H{t^-^'',Q^) for any R > 0. 

In the following Br{X) is denoted as the ball in R"+^ with radius R and center X, and B^{X) 
as Br{X) n We also write Br{0),B^(0) as Br, B^ for short respectively. We start with a 

Lemma, which is a version of the strong maximum principle. 

Proposition 3.1. Suppose U{X) G Hit^-^" , De)nC{Bt U Bi\{0}) and U > OinBtuBi\{0} 
is a weak supersolution of ( I2.7l l with a = b = and D = := B^ \ Bt for any < e < 1, then 

liminf UixA) > 0. 

(x,t)->0 
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Proof. For any 5 > 0, let 



Vs = U + 77 — ^ min U. 



Then V is also a weak supersolution in D ^ 2^ . Applying Lemma IZTI to in D ^ 2^ for suffi- 



'0.8 

0, i.e., [/(x, t) > ming„g+ C/ . □ 



ciently small 5, we have > in D ^ 2^ . For any (x, t) e g\{0}, we have lim^^o Vs{x, t) > 



The proof of Theorem [T3] uses the method of moving spheres and is inspired by ||73]| . Il72l and 
Il24l . For each a; e M" and A > 0, we define, X = (x, 0), and 

%.a(0:=(^^)" ''t/(^+^^^^^), (3.1) 

the Kelvin transformation of U with respect to the ball B\{X). We point out that if [/ is a solution 
of (dJli, then C/2,A is a solution of ([13 in M'[+^ \ 6+, for every a; e 9R"+\ A > 0, and e > 0. 

By Corollarv l2.1l anv nonnegative weak solution U of ( 11.91 1 belongs to L^^(M"^^), and hence by 
Proposition [231 U is Holder continuous and positive in M"+^. By Theorem 12.21 U{-,0) is smooth 
in R". From classical elliptic equations theory, U is smooth in M"^^. 

Lemma 3.1. For any x e M", there exists a positive constant Ao(x) such that for any < A < 

^' U^,^{0<U{0, inRl+\B+(X). (3.2) 

Proof Without loss of generality we may assume that x = and write Ux = Uo,\- 
Step 1. We show that there exist < Ai < A2 which may depend on x, such that 

f/A(C)<(:^(e), VO<A<Ai, A<|e|<A2. 

For every < A < Ai < A2, ^ G d"Bx^, we have E Bl^^. Thus we can choose Ai — Ai(A2) 
small such that 

A y^\,fX^C 



< -i) supC/< inf U<Ui^) 
^2 

Hence 

Ux<U ond"{Bl\B+) 

for all A2 > and < A < Ai(A2). 

We will show that U\ < U on {B^^\B^) if A2 is small and < A < Ai(A2). Since Ux satisfies 

iL9\) in 6+ \ Bf^, we have 

'div(ii-2-V(C/A-C/)) =0, in B+^\Bf; 
limt^'^'^dtiUx-U) =U^ix,0)-uf^{x,0), on ^^'^^ 
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Let (/7a - U)+ := max(0, ?7a - U) which equals to on d"{B^^\B'^). Hence, by a density 
argument, we can use {U\ — [/)+ as a test function in the definition of weak solution of ( 13.3b . We 
will make use of the narrow domain technique from IfTTll . With the help of the mean value theorem, 
we have 

t^-^^\V{Ux-U)+f 

{uf^ {x, 0) - {x, 0))([/a - C/)+ 



<c iiux-urru," 



<c\ m-u)+)^\ / c/; 
\JBx2\Bx J \JBx2\Bx 



where Proposition |2.1| is used in the last inequality and C is a positive constant depending only on n 
and (7. We fix A2 small such that 



C / U— < 1/2. 



Then V(?7a - U)+ = Q in Bt^\B+. Since (Ux - U)+ = on {Ux - U)+ = in 

B+^\B+. We conclude that Ux<U on (S+ for < A < Ai := Ai(A2). 

Step 2. We show that there exists Aq G (0, Ai) such that V < A < Aq 

UxiO<uiO, 1^1 > A2, e e M';+^ 

(\ n — 2a" 
^ I inf U, which satisfies 

f div(il-2ay ^) ^ jjj gn+l \ g+ 

j-limt^oi'"'"5t(/.(x,t) =0, a;eR"\Bl7, 
and 0(^) < U{^) on d"Bx2 ■ By the weak maximum principle Lemma lTTl 

Let Ao — min(Ai, A2( inf U/ sup [/) "^^). Then for any < A < Aq, |^| > A2, we have 

d"B>'2 13X2 

UxiO < ^ i^r-'^supU < inf U < UiO- 

Lemma [O] is proved. □ 
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With Lemma im we can define for all x G i?", 

\{x) = sup{^ > : % < [/ in M!|:+i\6^, V < A < ^i}. 

By Lemma im \{x) > Xo{x). 

Lemma 3.2. If\{x) < oo for some x e W\ then 

Proof. Without loss of generality we assume that x = and write Ux = Uo,x and A = A(0). By the 
definition of A, 

Ux>UmB^\{0}, 

and therefore, for all < e < A, 



f div(ti-2'^V(C/A - C/)) =-0, in B+\B+; 

\imt^-^''dtiUx-U) >0 on d'{B+\B+)- ^^'^^ 



We argue by contradiction. If Ux is not identically equal to U, applying the Harnack inequality 
Proposition l2.4l to (I3.4l i. we have 

Ux>UmWx\{{0}Ud"Bxl 

and in view of Proposition [3T1 

liminf(l7x(O-C/(O)>0. 

So there exist £i > and c > such that [/^(C) > U{0) + c, V < |^| < £i. Choose £2 small such 
that 

T s n — 2(T 

-—) (c/(0) + c)>C/(0) + f. 
Thus for all < |^| < ei and A < A < A + £2, 

a) ^ ( AT£2 



C^a(0=(t) f^A(T^)>(^— ) (;7(0) + c)>;7(0)+c/2. 



Choose £3 small such that for all < |C| < £3, C/(0) > U{£_) - c/4. Hence for all < |C| < £3 and 

A < A < A + £2, 

UxiO>U{0 + c/4. 

For S small, which will be fixed later, denote Ks = e M++^ : £3 < |C| < A - S}. Then there 
exists C2 ~ C2{d) such that 

U-x{X)-UiX) > C2 in Ks. 

By the uniform continuous of U on compact sets, there exists £4 < £2 such that for all A < A < 

A + £4 

Ux-Ux> -C2/2 in Ks. 
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Hence 

Ux-U> C2/2 in Ks. 

Now let us focus on the region e M"^^ : A — (5 < |^| < A}. Using the narrow domain technique 
as that in Lemma ITT] we can choose 5 small (notice that we can choose £4 as small as we want) 
such that 

C/a > t/ in {e e : A - ,5 < 1^1 < A}. 

In conclusion there exists £4 such that for all A < A < A + £4 

Ux>U in {S^C, «'+^ : < ICI < A} 

which contradicts with the definition of A. □ 

Proof of The orem \l.5\ It follows from the same arguments in ll72l . with the help of Lemma l3.21 that: 

(i) Either X{x) = 00 for all a; S M" or A(a;) < 00 for all x G R"; (Lemma 2.3 in f72l) 

(ii) If for all X e R" , A(x) = 00 then U{x, t) = C/(0, t), V (x, t) g (Lemma 11.3 in Gal) 

(iii) If A(j;) < 00 for all x e R", then by Lemma U . 1 in Gil 

Tl.-2fT 

A_ 

1 + A2|a; - xo\ 



u{x) := U{x, 0) = a ( , , ^ ) (3.5) 



where A > 0, a > and xq e M". 

We claim that (ii) never happens, since this would imply, using ( IL9I ), that 

C/(a;,t) = U{Q) - U(Q)^^ — 

2(7 

which contradicts to the positivity of U . Then (iii) holds. 

We are only left to show that V :— U ~ Va[u] = Q where u{x) is given in ( 13.51 ) and belongs to 
^^^(R"). Hence, V satisfies 

fdiv(ti-2<Tyy) ^0, inR';+i 
j V =0 on aM!|:+^ 

By Lemma [T2l we know that V\ can be extended to a smooth function near 0. Multiplying the above 
equation by V and integrating by parts, it leads to /jj^+i i^^^'^l Vl^p — 0. Hence we have V = Q. 



Finally a = {N„Cn,cr'2.^'') follows from (Ol with = 1 and dOt . 

□ 



4 Local analysis near isolated blow up points 

The analysis in this and next section adapts the blow up analysis developed in [ |88l and ||68l to give 
accurate blow up profiles for solutions of degenerate elliptic equations. For cr = -i, similar results 
have been proved in [STJ and Ii45j , where equations are elliptic. 
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Let fl C (n > 2) be a domain, > satisfy liuii^oo Ti = 0, pi = (71 + 2a) /{n — 2a) — Ti, 
and Ki S C^'^(ri) satisfy, for some constants Ai,A2 > 0, that 

1/Ai < KAx) < Ai for all x e n, 

\\Ki\\ci.i(n) < A2. 

Let > in M" and e L°°(f7) n ij'"(M") satisfying 

(-A)'"u, = c(n,cr)X,(2:)uf , in O. (4.2) 

We say that {ui} blows up if ||Mi||L°°(f2) -> 00 as i — )■ 00. 

Definition 4.1. Suppose that {Ki \ satisfies i4.1\l and {ui} satisfies i4.2i . We say a pointy e Q is an 
isolated blow up point of {ui} if there exist < r < dist{y, fl), C > 0, and a sequence yi tending 
to y, such that, yi is a local maximum of Ui, Ui{yi) — > 00 and 

u^{y)<C\y-yA-^''''^P^-^^ for all y e Br{y^). 

Let yi — >^ y be an isolated blow up of Ui, define 

'^*('') = I u„ r> 0, (4.3) 

\0Or\ JdBriy.) 

and 

Definition 4.2. We say yi ^ y (z fl is an isolated simple blow up point, if yi y is an isolated 
blow up point, such that, for some p > (independent of i) Wi has precisely one critical point in 
(0, p) for large i. 

In this section, we are mainly concerned with the profile of blow up of {ui}. And under certain 
conditions, we can show that isolated blow up points have to be isolated simple blow up points. 

Let Ui e C2(f]) n ij'"(R") and > in M" satisfy (O with satisfying gD. Without loss 
of generality, we assume throughout this section that B2 C ft and — > as i — > 00 is an isolated 
blow up point of {ui} in 57. Let Ui = Vaiui] be the extension of Ui (see ( 12.21 )). Then we have 



( dW{t^-^'^VU^) = 0, in 



\ 8n (t f \ (4.4) 

|-limti-2^-^-^^ = coX,(a;)t/,(x,0)f', foranyxGf^, 

where co = N„c{n,a) with N„ = 2^-^''T{l - a)/r{a). 

Lemma 4.1. Suppose that Ui e C^(ri) n ij°'(M") and u, > in M" satisfies R2\l with {Ki} 
satisfying ( 14.71 ), and yi ^ is an isolated blow up point of{ui}, i.e., for some positive constants A^ 
and f independent ofi, 

\y-y,f-/<-P'-'^u,{y)<A3, for all y G B, C il. (4.5) 

Denote Ui = Vaiui], andYi — (?/i,0). Then for any < r < if, we have the following Harnack 
inequality 

sup Ui < C inf Ui, 

where C is a positive constant depending only on n, cr, A3, f and sup \\Ki\\i^ao(^g_(^y.-^y 
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Proof. For < r < |, set 

v^{Y) = r2'"/(p*-i)i7,(ri + rr), in y e 6+. 

It is easy to see that 

AW{s^-^''VV,) = 0, inS+, 

and 

-limsi-2-a^-K,(y,s) =coX(y,+ry)1/,(y,0)f% ona'63+. 

s— )-U 

Since — > is an isolated blow up point of Ui, 

V^{y,Q) < A3\yr^''/^P^-^\ for all y e B3. 

Lemma|4T|follows after applying Proposition 12.41 and the standard Harnack inequality for uniform 
elliptic equation together to Vi in the domain Q2 \ Qi/2- 

Proposition 4.1. Suppose that Ui e C^(ri) n H" {W^) and Ui > in M" satisfies \4.2\ with G 
C^^^ (il) satisfying f l4.il ). Suppose also that i/i ^ be an isolated blow up point of{ui} with i4.5i . 
Then for any Ri — ^ 00, Ei — 0"*", we have, after passing to a subsequence (still denoted as {ui}, 
{Ui}, etc. ...), that 

\\m~'u,{m-^''-'^^'^ ■ +yO - (1 + • H^^^-'/^llc^fB^^jo)) < 

n -(pi-l)/2cr „ 

i^iTTij " as I ^ 00, 

where rrii — Uiijji) and ki — Ki{yiy^'^ /A. 
Proof. Let 

0,,(a;) = TO-^Uj(m~^^'^^^/^''a; + y,), for x G R". 

It follows that 

(-A)>,(x) = c(n,a)i^,(mr(f'-i)/2-a; + 2/,)</'r> 

< 0, < AsNr'"/^^'-"'^ < rm|P'"')/'", (4.6) 

and 

0,(0) = 1, V0.(O) = O. 
Let (l>i — Va[<j)i\ be the extension of <pi (see ( 12.21 )). Then $ satisfies 

y~\iYnt^~'^"dt<^i{x,t) ^ N„c{n,<T)K,{m'^^ X + yi)<P.i{x,0)P' , \x\ < fmf^ . 
By the weak maximum principle we have, for any < r < 1, 1 = 0^(0) = $i(0, 0) > min $i. It 

d"Br 

follows from Lemma 143] that 

max (pi < max < C min < C. 
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Namely, 

max (pi < C 

for some C > depending on n, cr, Ai,A2, A3. This and ( 14.6b implies that for any R > 1 

max (pi < C{R) 

Br 

for some C{R) > depending on n, a, Ai, A2, A3 and R. Then by Corollary 12.11 there exists some 
a e (0, 1) such that for every R > 1, 

\m\Hit^--^,Qn) + ll*dlc°(Q^) < CliR), 

where a and Ci (R) are independent of i. Bootstrap using Theorem l2.1l we have, for every < j3 < 
2 with 2a + l3 ^n, 

\mc^.+,(B]^^<C2iR,P) 

where C2{R, /3) is independent of i. Thus, after passing to a subsequence, we have, for some non- 
negative functions $(X) e Hiocit^-^" ,W^) n Cf'^^{W+^) and cf) e C2(K"), 

weakly in_ff,oc(ii-'",R+^'), 
< ^$ inC;"//(M!^+i), 
-^<^ inCL(K"). 

It follows that 

<1>(.,O) = 0, 0(0) = 1, V0(O)=O, 

and $ satisfies 

with = lim Ki{yi). By Theorem ll.51 we have 

cP{x) = (1+ lim ")/2^ 

where fc^ = Kid/iY^'^ /i. Proposition ^. ll foUows immediately. □ 

Note that since passing to subsequences does not affect our proofs, we will always choose Ri — > 
00 first, and then Si — > 0+ as small as we wish (depending on Ri) and then choose our subsequence 
{ui} to work with. 

Proposition 4.2. Under the hypotheses of Proposition [4771 there exists some positive constant C = 
C{n, a, Ai, A2, A3) such that, 

uriy) > C-'m,(l + hni!:r^^'"\y - y^\^)^^^-^'^'\ \y - y,\ < 1. 
In particular, for any e G M", |e| = 1, we have 

«.(y. + e)>C-imri+(("-2.)/2.)n^ 

where Ti = (n + 2a) / {n — 2(j) — pi. 
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Proof. Denote = Rim^ i)/^'^ follows from Proposition ^. 1 I that — > and 

Ui{y) > C^^niiR^"^"- , for all \y - = r^. 
By the Harnack inequality Lemma 14711 we have 

U^{Y) > C-'m.R^"-'', for all \Y-Y,\=r„ 

where Ui = Vaiui] is the extension of Ui, Y — {y, s) with s > 0, and Yi — {yi, 0). 
Set 

vi/,(r) = c-ii?2-"rr'"m,(|r - y.|2--" ^ (^)'"'"), < |r - r,| < | 

Clearly, 'i'i satisfies 

div(si-2<Ty^^) ^ ^ div(si-2-vC/,), r, < |r - K,| < I 

- lim si-2'^a,*,(y, s) = < - lim ^^-^"^.[/.(y, s), n < \y - y,\ < ^. 

S-!-0+ S^0+ 2 

By the weak maximum principle Lemma |2T| applied to Ui — 5*^, we have 

U^iY) > for all r, < |i" - < ^. 

Therefore, Proposition 14. 21 follows immediately from Proposition l4.1l □ 

Lemma 4.2. Under the hypotheses ofProposition \4~l\ and in addition that — > is also an isolated 
simple blow up point with the constant p, there exist Si > 0, Si = 0{Ri ^'^+°(^))^ such that 

u^{y)<ClU,{yi)-^^\y-y,\^''-''+'\ foralln < \y - y^\ < 1, 

where A; = (n — 2cr — 6i){pi — l)/2cr — 1 and Ci is some positive constant depending only on 
n, a, Ai, and p. 

Proof. From Proposition |4T1 we see that 

u^{y) < Cu,{yi)Rl^-^ for all \y ~ y,| = n. (4.7) 

Let Ui (r ) be the average of Ui over the sphere of radius r centered at yi . It follows from the assump- 
tion of isolated simple blow up and Proposition l4.1l that 

y,2CT/(pi-i)— .j-^-j is Strictly decreasing for < r < p. (4.8) 
By Lemma l4n ( I4.8l l and (I4.7l i. we have, for all Vi < \y — yi\ < p, 

\y - yr?"'^^^-''^u,{y) < C\y ~ y,\'^/^P'-'^M\y - y^\) 

<CRr^^"^'\ 
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where o(l) denotes some quantity tending to as z — > cxi. Applying Lemma|4T| again, we obtain 
< 0(i?r2-+°(i))|r _ y^|-2- forall n<\Y- Y,\ < p. (4.9) 

Consider operators 

£($) ^ div(sl-2ay^(y))^ jjj 

= - lim si-2<x^,$(y,s)-coi^,Mf-i(y)$(y,0), ona'^+. 

S— !-0 + 

Clearly, C/, > satisfies £([/,) = in 6^ and L,{Ui) = on 
For < /i < n — 2a, a direct computation yields 

and 

U{\Y ~ r.r'' - e-^''"\y - = - r,r^"+'"^(2e(7 - coX.<-'|r - y.i'^). 

It follows from ( 14.91 ) that we can choose = 0(i?j ^'^+°(^)) > q, and then choose 5i — 

L,(|r - rr'- - ^^s^'"\y - Y,\-^'^+^^^) > 0, 

Li{\Y ~ y.|2'^-"+'5. „ EiS^^lY - y,r"+''0 > 
and for ri < \Y - Yi\ < p, 

£(|r - rr'* - f.-^'n^^ - K,r(''+'")) < 0, 

Set Mi = 2maxg„g+ Ui, Xi = {n — 2a — 5i){pi — l)/2cr — 1 and 

+ 2Au,(y,o-^*(|y - y,|2-"+5. „ £^s2a|y _ r,r"+''), 

where A> 1 will be chosen later. By the choice of Mi and A^, we immediately have 

$,(y) > M, > C/,(r) for all \Y-Y,\=p. 

> v4C/,(y,)i?f'"+^' > ^C/,(y,)i?f for all \Y -Y,\^ n. 
Due to ( 14.91 ). we can choose A to be sufficiently large such that 

forall|y-y,| =r,. 

Therefore, applying maximum principles in section IAT3] to $i — Ui in Bp\Bri, it yields 

U^<^^ forallr, < |y-y| <p. 
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For Ti < 6 < p, the same arguments as that in ( 14.91 ) yield 

< C6'2'^/(P'^i){Afy'6'-^' +^Ui(y,)-^*6l2'^-"+'''}. 
Choose 9 — 0{n, a, p, Ai, A2, A3) sufficiently small so that 

(jg2a/ipi^l) SiQ-S, < i 2ct/(p,-1) 

p - 2^ 

It follows that 

Then Lemma l4!2l follows from the above and the Harnack inequality. □ 



Below we are going to improve the estimate in Lemma Wm First, we prove a Pohozaev type 
identity. 

Proposition 4.3. Suppose that K e C^{B2r). Let U G H{t^^^'^ , 82^) and U > in B^n be a 
weak solution of 

rdiv(ti-2.vc/) = 0, mB+j 

^-Yimt^-^^dtUix^t) = K{x)UP{x,0), ond'B+j^, ^ ' 



y t->-o 



where p > 0. Then 



[ B'{X,U,S/U,R,(7)+ [ t^-^''B"{X,U,\7U,R,a) = 0, (4.11) 

where 

B'{X, [/, VC/, i?, a) = '^^-^^KUP+^ + {X, VU)KUP 



and 



B"iX, U, Vf7, R, a) = ^u'^ - ||VC/P + R&^. 

2 ov 2 ov 



Proof. Let = n {i > e] for small e > 0. Multiplying ( 14.10b by (X, V?7) and integrating by 
parts in Vl^, we have, with notations = interior of Vl^C^{t ^ e}, d"Q.^ = dfle \ d'fl^ and i' = 
unit outer normal of dile. 



f ti-2-|v[/|2 + i f e-^^X -VilVUl^) 



_9 /■ 1 /■ (4.12) 



2 jf^E 2 ja'/^j 
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Multiplying ( 14.101 1 by U and integrating by parts in fi^, we have 

/ ti-2.|VC/|2 = - / t'-^'^UdtU+l t'-^'^^U. (4.13) 

By Corollarv l2.1l and Proposition l2.61 there exists some a E (0, 1) such that U, V xU, and i^^^'^dtU 
belong to C"(S+) for all r < 2R. With this we can send e ^ as follows. By (14.101 1. 

-t^~^"dtU{x, t) -> 0) uniformly in 63^^/2 as t^Q. 

Hence ( 14.111 ) follows by sending e ^ in (I4.12l i and (14.131 1. □ 

Lemma 4.3. Under the assumptions in Lemma \4~2\ we have 

and thus 

=1 + 0(1). 

Proof. Since Ui satisfies i4.4i and div{y — yi) = n, we have, using integration by part. 



- / B'{Y,U,,VU,,l,a) 

Co Jd'Bt(Y,) 



ld'BJ(Yi) 

n — 2a 



2n 



d'BJ(Yi) 



+ J- Ja'e+(Y,) 



n — 2(7 
2n 



(y - y„ VyK,)U!'+^ + {y - y,, VyUt+^)K 



+ ^ f K,Ur' + ^f {y~y.,VyUr')K. 
2n{2n-Ti[n~2a)) Jq,js+^y,) 



and 



/ {y-y,,^yUr+^)K, 

Jd'B+(Yi) 

Jd'Bt(Y,) Jd'Bt(Y) JdBUvi) 



ld'BJ(Yi) 

= —n 



ld'B+(Y,) Jd'B+(Yi) JdBi(y. 

Combining the above two, together with Proposition l4.3l we conclude that 

P,+i 

ld'B+(Yi) ^Jd'B^(Y^) 



f Ur+' <C{n,a,A,,A2){ f \y - vM 

Jd'Bt(Y) ^Jd'B^iY,) 

I Uf'+'+f t^-'"\B"{Y,U,,WU,,l,a)\} 

JdB,(v,) Jd"B+(Y) ' 
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Since Ui = Ui on d'Bi{Yi) = Bi{yi) x {0}, it follows from Proposition l4.2l that 



Pi+1 



Pi+i 



B^{y.) (1 + |m|P'-''/'"(y - 2/,)|2)(n-2a)(p, + l)/2 



(4.15) 



> C TO- 



(Pi-l)/2c 



(1 + |;2|2)(n-2<T)(p, + l)/2 



> c 



^l^^i("/2'7-l) 



where we used change of variables z = rnf^ ^''^^'^(j/ — IJi) in the second inequality. 

By Proposition 12.61 and Lemma 14.21 it is easy to see that the last two integral terms of right- 
handed side of ( 14.141 ) ai'e in 0{m^ 2+o(i)s| PropositiongH we have 



< c 

< Cm. 



B^^ivO (l + |m,^^-~'^/'"(y-y,)P)("~'")'^'+')/' (4.16) 

2/(n-2a)+o(l) f 1^1 

Jb^. + 



By Lemma l4~2l and that Ri oo, we have 



/ 

Jd'Bi 



iY)\d'Br;iYO J B,(vi)\B^^(y,) 



< + "+1 + (2t-«+50(p. + 1) (4-17) 

— "'i ' i 

I -2/(n-2(T)+o(l)N 



Combining ( 14.141 ). ( 14.151 ), ( 14.161 ). ( 14.171 ) and that = o(l), we complete the proof. □ 

Proposition 4.4. Under the assumptions in Lemma \4~2\ we have 

u^{y) < Cu-\y,)\y - y.p-", farall \y - y,| < 1. 

Our proof of this Proposition makes use of the following 

Lemma 4.4. Let n > 2. Suppose that for all e G (0, 1), U G H{t^^'^'^, \ Bt) and U > in 
Bi \ Bt be a weak solution of 



j div(ti-2^V/7) = in Bt \ Bt, 

]- lim t^-'^" dtU ( X, t) ^0, inBi\Bt. 

V t->0 



(4.18) 
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Tlien 

U(X) = A\X\^''-''' + H{X), 
where A is a nonnegative constant and H{X) G H{t^^^'^ , B^) satisfies 



1 - limf~'^''dtH{x,t) = 0, in Bi. 



The proof of Lemma |4~4l is provided in Appendix |A.2| 
Proof of Proposition \4.4\ For \y — yi\ < r^, it follows from Proposition|4T|that 

, ^ (n-2CT)/2 

Ui{y) < Cm 



2 



(4.20) 



2(7 — n 



where Lemnia l43l is used the last inequality. 

Suppose \y~yi\ > r,. Let e e S""^^ with |e| = 1, and set Vt{Y) = U^{Y, + e)-'^U^{Y). Then 
Vi satisfies 

j div{s^-^''VV^) ^ 0, in 6^, 

1 ~ \ims^-^^dsV^iy,s) = c{n,a)KU^iY,+e)P'-WP\ for y e B+ . 

Note that Ui{Yi + e) ^ by Lemma l4!2l and for any r > 

V,{Y) <C{n,a,Aur), for all r < |y - y,| < 1 (4.21) 



which follows from Lemma |4T| It follows that {Vi} converges to some positive function V in 

■^iocV*^3/2'' ' ' "-'ioc(^3/2 



C^Mfo) n \ {0}) for some a e (0, 1), and V satisfies 



' div{s^-^''W) ^ 0, inS+ 

lim s^-^-^dsViy, s) = for y e B+ \ {0}. 



Hence lim r^°'/'^'+^^Ui(r) = r" ^'^v{r), where w(y) = l/(y, 0). Since r,; ^ and y^ ^ is 

an isolated simple blow up point of {ui}, it follows from Lemma l4n that r^^'^~^'^y^V{r) is almost 
decreasing for all < r < p, i.e., there exists a positive constant C (which comes from Harnack 
inequality in Lemma l4n i such that for any < ri < r2 < p. 



r\ v{r\) > V[r2)- 

Therefore, V has to have a singularity at y = 0. Lemma |4!4l implies 

V{Y) = AlY]^"-'' + H{Y), (4.22) 
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where A > is a constant and H is as in Lemma l4~4l 

We first establish the inequahty in Proposition l4.4l for |y — y^j = 1. Namely, we prove that 

U,{Y, + e) < CUr^Y,) (4.23) 

Suppose that ( |4.23l l does not hold, then along a subsequence we have 

lim C/,(y, + e)C/,(r,) = oo. (4.24) 

By integration by parts (using fl^ and sending e — > 0, as in the proof of Proposition l4.3l l, we obtain 

= - / divis^-'^^S/Vi) 



(4.25) 



By Lemma |43] and similar computation in ( |4.16l l and ( |4.17| l, we see that 

XC/f < CU,{Y^)-^. 



d'BJ 

Due to ( |4r24l l, 

lim U^{Y,+e)-^ I KUp^O. 
A direct computation yields with ( |4.21| l (again using fi^ and sending e — ^ 0) 

lim/" s'-^-^^\im[ s^-^--^{A\Y\^''-" + H{Yj) 



= A{2a~72) [ s^-^" < 0, 

Jd"Bt 



which contradicts to ( 14.251 1. Thus we proved (14.231 1. By Lemma 14711 we have established the in- 
equality in Proposition l4.4l for p < \Y Yi\ < 1. 

By a standard scaling argument, we can reduce the case of < 1^ — 1^1 < p to |F — y^j = 1. 
We refer to |68 1 (page 340) for details. □ 



Proposition l4.2l and l4.4l give a clear picture of Ui near the isolated simple blow up point. By the 
estimates there, it is easy to see the following result. 

Lemma 4.5. We have 

\y - y.\'uMP^+^ 



L 



\V-Vi\<ri 
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and 



—n < s < n, 
s = n, 
s > n. 



ri<\y-yi\<l 

Proof. The first estimate in the above Lemma follows from Proposition l4.1l and Lemma |431 and the 
second one follows from Proposition |4.4| and Lemma [43] □ 



(4.26) 



For later application, we replace Ki by Ki{x)Hi{xY* in ( |4.2t and consider 

(-A)"u,(a:) = c{n,a)K,{x)H,{xy^uf{x), in B2, 
where {Hj} e C^'^(B2) satisfies 

< H,{y) < A4, for all y e B2, and < A5 

for some positive constants and A^. 



(4.27) 



Lemma 4.6. Suppose that {Ki\ satisfies ( 14.1b fl«^^ {*)i3 condition with (3 < nfor some positive 
constants Ai, A2, {L(^,i)}, and that \Hi\ satisfies (|4.27| i with Aa, A^. LetUi e ij'^(M")nC^(B2) 
and Ui > in M" be a solution of ( 14.261 1. Ifyi — > is an isolated simple blow up point of{ui} with 
(I4.5l l for some positive constant A3, then we have 

where C > depends only on n,<7, Ai, A2, A3, A4, A^, j3 and p. 

Proof. Using Lemma l43] and arguing the same as in the proof of Lemma l43l we have 



Ti < Cu,{yi)-^ + C 
< Cu,{y,)-^ + Ct, 



Bi(yi) 



{y~y,,Vy{K,Hr))u 



Bl{y^) 



P>+1 



c 



f {y-y,,VK,)Hru: 

JBiiy,) 
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Making use of Lemina l431 we have 



i < 



<C\^K,{y.)\ \y-y^K^' 

+ C [ \y- y^WVMy) - VK,iyOK+' 
<C\\/K,{y,)\u,{y,)-'/^"-''^^ 



+ C [ \y~y,\\\7K,{y)-\/K,iy,)\uT+' 

JBiiy,) 



Recalling the definition of {*)i3, a directly computation yields 

\VK,{y)-VK,{y,)\ 



< { J2 \^'K,{y,)\\y - y,r-i + [V[^li^,]c^-[.,(B,(y,))ly " V^l^''} 

s=2 

< CL{f3,z)[ J2 NK.,{y,)\^P-^^^^''-% - y.r' + \y- y^f-'}■ 



s=2 

By Cauchy-Schwartz inequality, we have 

L{P,i)\VK,{y,)\^f-^y(P-''>\y - y,Y 
< C(|VK.(y,)||y - y,| + {L{(3, i) + i(/3, if-')\y - y,f). 

Hence, by Lemina l43] we obtain 



(4.28) 



(4.29) 



\y^y,\\^K,{y)-yK,{y,)\uf+^ 

Bi{y.) (4.30) 

< C\\7K,iy,)\u,{y,)-'/^"-'''^ + C7(L(/3, z) + L(/3, if-')u,iy,r'^/^"-'''\ 
Lemma |431 follows immediately. □ 
Lemma 4.7. Under the hypotheses of Lemma \4.6\ 

\VK,{yi)\ < Cudy^)-^ + C(L(/3, i) + i(/3, ^f-')udy^)-^^^-'^'^''~^^\ 
where C > depends only on n, a, Ai, A2, A3, A4, A^, (3 and p. 
Proof. Choose a cutoff function 77 (y) e C^{Bi/2) satisfying 

V{Y)^1, |y|<iandr;(r) = 0, \Y\ > ^. 
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Let Ui{Y) be the extension of Ui{y), namely, 



in 



pji+i 



lim si-2^9,C/(y, s) - coK,{y)HpU[\ y G B2. 



(4.31) 



Multiplying ( |4.31| | by 77(y — Yi)dyjUi{y, s), j — 1, ■ ■ ■ , n, and integrating by parts over 61, we 
obtain 

= / div(si-2-vC/,)?75j,^C/, 



2 ./b+ \b+ 

"1/2 \"l/4 



By Proposition |4.4| we have 

U^iY) < CU,{Y,)-\ for all 1/2 > |y| > 1/4 

and 



< Cu,{y,)-^ + Cn. 



Therefore by Lemma |43] we conclude that 



Hence 



djK^iy,) / Hl'w 

Bi 



< I \d,K,iy,)^d,K,{y)\Hpur+' 

JBi 



Summing over j, then making use of ( 14.281 ). ( 14.291 ) and Lemma l431 we have 

|Vi^,(y,)l < Cu,{yi)-'' + Cn + \\'^K,(y,)\ 

Then Lemma |4r7] follows from Lemma[ 
Lemma 4.8. Under the assumptions of Lemma \4.6\ we have 

n < Cu,{y,)-^ + C(L(/3, z) + L(/3, zf-')u,{y,)-^^/^''~'-\ 



(4.32) 



□ 
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Proof. It follows immediately from Lemma l4~6l and Lemma l477l 



□ 



Corollary 4.1. In addition to the assumptions of Lemma \4.6\ we further assume that one of the 
following two conditions holds: ( i) 



and ( ii) 

Then for any < S < 1 we have 



/3 = n — 2(T and L{l3, i) = o(l), 
/3 > n - 2(T andL{P,i) = 0(1). 



lim u. 

■i— >oo 



Proof. 



Ti\ Pi + l 



BsiVi) 

< I {y- 

<C\VK,{y,)\ 





+ n 


L 









I (y-y,)-VH,Hl^-'K,uf+' 



\y-yi\Ui 



c 



BsiVi) 



BsiVi 

\y-y,\\VK,iy)-VK,{y,M^+^ + n 



\y-yi\u 



Pi+i 



Bs(y^) 



The corollary follows immediately from Lemma l4!7l (14.301 1 and Lemma |4~8 



□ 



Proposition 4.5. Suppose that {Ki} satisfies ( 14. Il l and {*)n-2a condition for some positive con- 
stants Ai, A2, L independent of i, and that {Hi] satisfies (14.271 ) with A4, A^. Let Ui e H" {W'') H 
C^(i?2) be a solution of ( 14.26b . Ifyi — > is an isolated blow up point of {ui\ with ( I4.5l l for some 
positive constant A3, then yi is an isolated simple blow up point. 

Proof. Due to Proposition 14. 11 r^'^/'-P^^^^Ui^r) has precisely one critical point in the interval < 
r < Ti, where r.i = RiUiiiji) ~ as before. Suppose — > is not an isolated simple blow up 
point and let /i^ be the second critical point of r'^"/^P^^^^Ui{r). Then we see that 



Mi > lim Mi = 0. 
Without loss of generality, we assume that yi = 0. Set 

My)^N^^'''~'^M^^^y), yeR". 

Clearly, 0^ satisfies 

{-ArMy) = Kdy)Hr{y)cf>P'{y), 

\y\"'^^P^-'U^{y) < As, \y\ < IM, 
lim 0i(O) = 00, 



(4.33) 
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2rT/fe-l) 



(/)j(r) has precisely one critical point in < r < 1, 



and 



= 0, 



where k,{y) = K.,{^i,y), H,{y) = H,{n,y) and 0j(r) = \dBr\ ^ Jgg^ (1)^. 

Therefore, is an isolated simple blow up point of (f>i. Let ^i{Y) be the extension of (t>i{y) in 
the upper half space. Then Lemma 14.11 Proposition 14.41 Lemma 14.41 and elliptic equation theory 
together imply that 



M0)MY) ^ GiY) = Airr- + H{Y) in c^^MT' \ {»}) n cUKn 



and 



MO)Uy) ^ G{y, 0) = + Hiy, 0) in CL(M"\{0}) 

as i — oo, where A > 0, H{Y) satisfies 



(4.34) 



diY{s^''^"V H) = 



pri+l 



I - lim s^-^'^dsHiy, s) = for e M". 

Note that G{Y) is nonnegative, we have liminf|y|^oo H{Y) > 0. It follows from the weak 
maximum principle and the Harnack inequality that H{y) = H > Oisa constant. Since 



0, 



we have, by sending z to oo and making use of (14.34b . that 

A = H>0. 



We are going to derive a contradiction to the Pohozaev identity Proposition |4.3l by showing that 
for small positive 5 



limsup$,(0)2 / B'(y,$„V$„(5,a) < 0, 

i^oo Jd'Bt 



and 



lim sup$,;(0)^ 



'B"(r,$„V$„(5,a) <0. 



(4.35) 



(4.36) 



And thus Proposition |4^ will be established. 

By Proposition l2.6l it is easy to verify (14.36b by that 

limsup$i(0)2 [ s^-^''B"{Y,^,,\/^„6,a) 

i->oo Jd"B+ 



B"(y,G,VG, S,a) 



d"B2 



f'^'^ < 0, 
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which shows (14.361 1. On the other hand, via integration by parts, we have 

Jd'Bt 



Id'Bt 

n — 2(7 
2 

n — 2(7 



'Bs JBs 



2 Jb. ' ' P^ + lJB. 



JBs Pi + -"^ JdBs 



Pi + ^- JBs 

where Proposition l4.4l is used in the last inequality. It is easy to see that {Ki} satisfies {*)n-2a with 
L(/3, i) = o(l). Therefore, (l435T l follows from CorollarygTT] □ 

Proposition 4.6. Suppose the assumptions in Proposition \4.5\ except the (*)„_2(t condition for Ki. 
Then 

\'^Ki{yi)\ —^0, as i ^ oo. 

Proof. Suppose that contraiy that 

\\/K,{yi)\^d>Q. (4.37) 
Without loss of generality, we assume yi = 0. There are two cases. 
Case 1. is an isolated simple blow up point. 

In this case, we argue as in the proof of Lemma |47] and obtain 



<Cu-\Q) + Cn. 



It follows from the mean value theorem. Lemma |43] and Lemma |43] that 

|Vi^,(0)| <C [ \VK,{y) - WK,{0)\HpuP^+' + o(l) = o(l). 

JBi 

Case 2. is not an isolated simple blow up point. 

In this case we argue as the proof of Proposition |4.5l The only difference is that we cannot derive 
( 14.351 1 from Corollarv l4.1| since {*)n-2a condition for Ki is not assumed. Instead, we will use the 
condition ( 14.37b to show ( 14.35b . 

Let Pi, (pi, Ki and Hi be as in the proof of Proposition 14.51 The computation at the end of 
the proof of Proposition ^. 51 gives 



Jd'Bt 



Pi + 1 Jbs 
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Now we estimate the integral term Jg^ (y, \/ (KiHp)) . Using Lemma |43] and arguing the 
same as in the proof of Lemma |431 we have 



By ( I432l i. 



JBs 

<C</.,(O)-2 + C7m,0,(O)-2/(«-2-). 

<C<j),{y,)-^ + Cn. 



T^rp^ + l 



It follows that 

|Vif.(0)| <C f \Vk,{y) - VX,(0)|C+' + C0.(O)-2 + Cn 
< Cm,0,(O)-2/("-2-) + C0,(O)-2 + Cn. 
Since |VJ^,(0)| = ^J,^\S/K^{0)\ > (d/2)^i, we have 

fi, < C0,(O)-2 + Ct,. 

It follows that 



n < C0,(O)-2 and < CMOy 



Therefore, 



Bs 



-2-2/(n-2cr) 



and ( 14.351 ) follows immediately. 



□ 



5 Estimates on the sphere and proofs of main theorems 

Consider 

P„{v)^c{n,a)KvP, onS", (5.1) 
where p e (1, ^^±22:1 and K satisfies 

A^^<K<Ai, onS", (5.2) 

and 

||i^||ci.i(S") <^2. (5.3) 

Proposition 5.1. Let v € C^(§") be a positive solution to ( 15. 11 1. For any < £ < 1 and R > 1, 
there exist large positive constants Ci, C'2 depending on n, a, Ai, A2, e and R such that, if 

maxu > Ci, 
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then — p < e, and there exists a finite set p{v) C S" such that 

(i) . If P € p{v), then it is a local maximum of v and in the stereographic projection coordinate 
system {yi , • • • ,yn} with P as the south pole, 

\\v-'{P)v{v-'^{P)y) - (1 + fc|2/n(^^-")/^||c^(B.«) < e, (5.4) 
where k = i^(P)i/'"/4. 

(ii) . If Pi, P2 belonging to p{v) are two different points, then 
(Hi). v{P) < C2{dist{P, p{v))}-^''/'^P-^^ forall P e 

Proof. Given Theorem [T3] Remark [L2] and the proof of Proposition 14.11 the proof of Proposition 
15 .H is similar to that of Proposition 4.1 in 1681 and Lemma 3.1 in |88|, and is omitted here. We refer 
to iH and m for details. □ 



Proposition 5.2. Assume the hypotheses in Proposition \5.1\ Suppose that there exists some constant 
d > such that K satisfies {*)n-2a for some L in D,d ~ {P G S" : |Viir(P)| < d}. Then, for 
e > 0, R > 1 and any solution v of (15.11 ) with maxgn v > Ci, we have 

|Pi - P2 1 > <5* > 0, for any Pi , P2 G p{v) and Pi 7^ P2, 

where S* depends only on n, cr, S, e, R, Ai, A2, L2, d. 

Proof. Suppose the contrary, then there exists sequences of {pi} and {Ki} satisfying the above 
assumptions, and a sequence of corresponding solutions {vi} such that 

lim |Ph-P2,| =0, (5.5) 

i—>oo 

where Pi,, P2i G p{vi), and |Pii - P2,| = min |Pi - P2I. 

^'i,-P2ep(i;,) 

Since Pfl„^(p^.)-(p,-i)/2<7 (Ph) and Pp„^(P2,)-(p.-i)/2,^ (Pjj) have to be disjoint, we have, be- 
cause of ( 15.51 ), that Vi{Pii) —J' 00 and Vi{P2i) — > 00. Therefore, we can pass to a subsequence (still 
denoted as Vi) with Ri ^ 00, Ei ^ as in Proposition 14. II (g, depends on Ri and can be chosen 
as small as we need in the following arguments) such that, for y being the stereographic projection 
coordinate with south pole at Pji , j = 1 , 2, we have 

\\m-\,{m;'^^^''^""y) - (1 + k,M'' f"-''^'^\\c^B.n^m < e., (5.6) 

where = w,(0), k^, = K,{qj,Y/'', j = 1, 2; i = 1, 2, • • • 

In the stereographic coordinates with Pii being the south pole, the equation ( 15.11 ) is transformed 

into 

{~^Yu,{y)^c{n,a)K,{y)Hl^{y)ul^{y), y G R", (5.7) 

where 

f 2 \ ("-2(t)/2 



H^{y) 



(5.8) 

l + |y|2 



2 ^ (n-2(T)/2 



42 



and F is the inverse of the stereographic projection. Let us still use G M" to denote the stere- 
ographic coordinates of P2i G S" and set i^i — \P2i\ 0. For simplicity, we assume is a 
local maximum point of Ui. Since we can always reselect a sequence of points as in the proof of 
Proposition |5T| to substitute for P2i- 

From (ii) in Proposition |5.11 there exists some constant C depending only on n, a, such that 

> i max{i?,?/,(0)-(P'-i)/2.^ ^^^^(p^^)-(p.-i)/2.|_ (5 9) 

Set 

It is easy to see that Wi which is positive in W\ satisfies 

{-Arw,{y)=c{n,a)k,{y)Hp{y)w,{yr, in R" (5.10) 

and 

Wi{y) e C^(R"), liminf < oo, 

Where K,{y) = K,(d,y\ HM = H,{d,y). 
By Proposition l5.ll Ui satisfies 

u.{y) < C2|y|-2"/(P'-i) for all \y\ < 
u^{y) < C2|y-P2r'"^^^'"'' for all \y - P2^\ < ^^/2. 
In view of (15. 9t . we therefore have 

lim Wi{0) = CO, lim Wi{\P2i\~^ P2i) = oo 
|yp-/fe"i)u;,(y) < C2, \y\ < 1/2, 

\y - \P2^\-'P2^\"'/^^'-'^n^^iy) < C2, \y ~ \P2^\-'P2^\ < 1/2. 

After passing a subsequence, if necessary, there exists a point P E M" with |P| = 1 such that 
|P2i|~^P2i — > P as ? — cx). Hence and P are both isolated blow up points of w;. 

If |Vi4ri(0)| < d/2, then is an isolated simple blow up point of Wi because of the (*)„_2(t 
condition and Proposition l4.5l If | VJsri(0)| > d/2, arguing as in the proof of Proposition l4.6l we can 
conclude that is an isolated simple blow up point of Wi. Similarly, P is also an isolated simple 
blow up point of Wi . 

By Proposition 1331 

wMMy) < a, for all e < \y\ < 1/2, 

where Cg is independent of i. Let Wi be the extension of Wj. Due to Proposition 15.11 Harnack 
inequality Lemma l4n and the choice of Pu, P2i, there exists an at most countable set p C M" such 
that 

inf{|a; -y\: x,y E p, x^y}>l, 

and 

lim WmW^iY) - G{Y), in Cl,{W^ \ p) 

G(r)>o, Y e M';+i \ p. 
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Let pi C p contain those points near which G is singular. Clearly, 0, P G pi. Since pi > 1, it 
follows from ( 15.10b that 

J div(si-2<Ty(^) ^ 0, in R'ji+i , 

1 - lim s^-^''dsG(y, s) = 0, for all e M" \ pi. 

By Lemma |4~4l and maximum principle, there exist positive constants iVi , N2 and some nonnegative 
function H satisfying 

J div(si-2'^ViJ) = 0, in Rl+\ 

\ - lim s'-^''dsH{y, s) = 0, for all y e M" \ {pi \ {0,P}} 



such that 



G(y) = 7Vi|r|2''"" + iV2|y-p|^''"" + i/(r), y eRi+^\{pi}. 



Applying Proposition 12.61 to H, it is not difficult to verify (14.361 ) with $i replaced by Wi. On the 
other hand, we can establish ( 14.351 1 with $i replaced by Wi if |Vi4'i(0)| < d/2, because {*)n-2cr 
condition with L = o(l) holds for Ki and thus CoroUarv 14. 1 1 holds. If |ViCi(0)| > d/2, we can 
apply the argument in the proof of Proposition 14.61 to conclude that i9i,Ti < Wi(0)~^, and hence 
(|435] | also holds for W^. 

Proposition |52] is established. □ 

Consider 

P„{v) :^c{n,a)Kivf^ onS", 
v,>0, onS", 
n + 2(T 

Pi ^ 7^ n, T^>0,n->0. 

n — Za 

Theorem 5.1. Suppose Ki satisfies the assumption of K in Proposition \5.2\ Let Vi be solutions of 
( 15.1 11 1, we have 

<C, (5.12) 

where C > depends only on n,a, Ai, A2, L,d. Furthermore, after passing to a subsequence, 
either {vi} stays bounded in L°°[W^) or {vi} has only isolated simple blow up points and the 
distance between any two blow up points is bounded blow by some positive constant depending only 
on n, a, Ai,A2, L, d. 

Proof. The theorem follows immediately from Proposition 15.21 Proposition 14.61 Proposition 14.51 
Proposition l4.1l and Lemma l4.5l □ 

Proof of Theorem \l.3\ It follows immediately from Theorem l5.1l □ 

In the next theorem, we impose a stronger condition on Ki such that {m} has at most one blow 
up point. 
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Theorem 5.2. Suppose the assumptions in Theorem \5.1\ Suppose further that {Ki \ satisfies {*)n-2a 
condition for some sequences L{n — 2a, i) — o(l) in fld^i — {q §" : iVgoi^ij < d} or {Ki} 
satisfies (*)^ condition with /3 > n — 2cr in Cld.i- Then, after passing to a subsequence, either {vi} 
stays bounded in _L°°(§") or {vi} has precisely one isolated simple blow up point. 

Proof. The strategy is the same as the proof of Proposition 15.21 We assume there are two isolated 
blow up points. After some transformation, we can assume that they are in the same half sphere. The 
condition of {Ki} guarantees that Corollary 14. 1 1 holds for Ui, where Ui is as in ( 15.81 1. Hence ( 14.351) 
holds for Ui, which is the extension of Ui. Meanwhile (14.361 ) for Ui is also valid, since the distance 
between these blow up points is uniformly lower bounded which is due to Proposition [521 □ 

Proof of Theorem \l.4\ By Theorem 15.21 we only need to show the latter case of theorem. After 
passing a subsequence, — >^ ^ is the only isolated simple blow up point of Vi. For simplicity, 
assume that is identical to the south pole and K{£^i) = 1. Let F : M" S" be the inverse of 
stereographic projection defined at the beginning of the paper. Define, for any A > 0, 

V'A : 2^ ^-> Xx, V.X e R". 

Set Lpi — Fo -tpx. o F^^ with Xi = Vi{^i)~"^^ . Then T^^Vi satisfies 

Pa{T^.Vi) = c{n,a)Koif,T^^vf^ , onS". 

Let 

u^{x) = ( ^^ i^p ) ' v^oF{x), xeW 

and 

Note that 

Ti-2er 

|de.d„,(F(x))|'^ = ((^^)"A-(^)-) . 
Hence, Ui{x) = A 2 Ui{\ix) for any x e R" and Q < Ui < 2 2 . Arguing as before, we see that 

u^{x) ^ (YTjq^) Qoc(R")- 

Therefore, ^- 1 in Cf„^(S" \ {N}), where N is the north pole of 

Since T^. Vi is uniformly bounded near the north pole, it follows from Holder estimates that there 
exists a constant a e (0, 1) such that T^p.Vi — > / in C°'{Bs{N)) for small constant 6 > and some 
function / e C°'{Bs{N)). It is clear that / = 1. Therefore, we complete the proof. □ 

Theorem 5.3. Let Vi be positive solutions of ( 15.1 lb . Suppose that {Ki} C C°°(§") satisfies (15.3b . 
and for some point Pq G Eq > 0, Ai > independent of i and 1 < /3 < rt, that 

{Ki} is bounded in C[^l'^~[''l (B^o (9o)), K,{Po) > Ai 
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and 

K,{y) = K,{Q) + Qf\v) + R,{y), \y\ < Eq, 

where y is the stereographic projection coordinate with Pq as the south pole, Q[^\y) satisfies 
Qf\\y) = \PQf\y), VA > 0, ?/ G W\ and R^{y) satisfies 

m 

Y^\y^R,{y)\\y\~P+^^Q 

uniformly for i as y ^ 0. 

Suppose also that Q^f^ Q^^'^ in (§"^^) and for some positive constant Aq that 

A^\y\P-' <\VQ^P\y)l |y| < Eq, (5.13) 

and 

V /,.<3""(!/ + »)(! + ll/R-'cl!, / 
If Pq is an isolated simple blow up point ofvi, then Vi has to have at least another blow up point. 

Proof. Suppose the contrary, Pq is the only blow up point of Vi. 

We make a stereographic projection with Pq being the south pole to the equatorial plane of 
with its inverse n. Then the Eq. (15.111) is transformed to 

{-Ayui = cin,(7)Kiiy)ur^, mW\ (5.15) 

with 

(ri-2cr)/2 



= [ i + \y\2 ) ^My))- 

Let ?/i be the local maximum point of Ui. It follows from Lemma |4!7] that 
First we establish 

|y,,| = 0(w,(y,)-2/(«-2.)). (5.16) 

Since we have assumed that Vi has no other blow up point other than Pq, it follows from Proposition 
|44land Harnack inequality that for |?;| > e > 0, Ui{y) < C(£)|yp'^""ui(?;i)"^- 
By Proposition lA.il we have 

VK.uf^ = 0. (5.17) 



It follows that for e > small we have 



VK,{y + y^y,{y + yi)'--^ 
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Using our hypotheses on VQ^''^ and Ri we have 

(1 + o,{l))VQ[^\y + y,)u,{y + y,)^- 



< C(e)u,(2;,)-2»/(«-2.)^ 



Multiplying the above by mp^''" ^\ where rrii = Ui{yi), we have 

(1 + Oe(l))VQf Hm^/("-2^)y + yMv + 

where yt = m^^*'" ^'^''j/i- Suppose ( 15.161 ) is false, namely, iji — > +oo along a subsequence. Then it 
follows from Proposition |4T|( we may choose i?i < |yi|/4)that 



\y\<Rim-, 



2/{n-2a 



(1 + o,(l))VQf ^K'/^"-'")?/ + y,)u,iy + y,)^ 



'|2|<i?„ 

On the hand, it follows from Lemma [43] that 



I,-,. 1/^-1 



r, ~2/(Ti-2tT)^| 1^ 



Rim- 



< c 

It follows that 



2/(n-2<T) 



<\y\<e 



which imphes that 



M<C{e)m. 



-(2/(n-2a))(n/(/J-l)) ^ ^|-^-2/(n-2CT) 



This contradicts to that yi oo. Thus ( 15.16b holds. 
We are going to find some j/o such that ( 15.14b fails. 
It follows from Kazdan- Warner condition Proposition lA. 1 I that 



{y, WK,{y + y,))u,{y + y,,)2"/(n-2<.) = q. 



(5.18) 



Since Pq is an isolated simple blow up point and the only blow up point of Vi, we have for any e > 0, 



< C{e)u,{y,r^'-l^^-^^\ 
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It follows from Lemma (14.51 1 and expression of Ki that 

+ o,(l) / {\y\^ + \yM^-')u.,{y + y,)-^-/("-'^'> 

J B^ 



where we used (|5.16t in the last inequality. 

Multiplying the above by due to /3 < n we obtain 



lim udy^r^/^^-''^^ 



{y,\7Qf\y + yi))u,{y + y,)^"/(-- 



2a) 



0,(1). 



(5.19) 



Let i?i — cx) as 2 — cx). We assume that :— RiUi{yi) "-^^ as we did in Proposition 14.1 
By Lemma l431 we have 



■2(t) 



/ Tj < |y I <€ 

< lim u,{y,r^^^-'-^ 



{\yf + \yM^-')u^{y + y^r''/^--'^^ 



'rj < |y I <£ 

as z — )^ oo. Combining <l5.19t and < l5.20b , we conclude that 



(5.20) 



lim u.iy.f^/^--''^^ 



Oeil). 



It follows from changing variable z — Uiiyi)"-^" y, applying Proposition ^. 1 l and then letting e — > 
that 

' (z,VQ('^)(z + zo)>(l + fc|z|2)-" 



0, 



(5.21) 



where zq = limi^oo '^ "^yi and fc = lim^^oo K^{yi)'^/'' . 

On the other hand, from ( 15.171 ) 



VK,{y + yi)u,{v + y,f^/'^'--^"^ ^Q. 



Arguing as above, we will have 



vg(«(z + zo)(i + fc|zn-" = 0. 



(5.22) 



(5.23) 
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It follows from (15^ and (EIH) that 

9('3)(z + zo)(l + fc|zn-"dz 

= /3-iy (z + zo,VQ(^)(z + zo))(l + fc|zn-"d2 ^^-24) 
= 0. 

Therefore, ( I5.14l i does not hold for j/o — VkzQ. □ 

Theorem 5.4. Let a e (0, 1) and n > 3. Suppose that K € C^'^ (§"), /or iome constant Ai > 0, 

l/Ai<X,(0<Ai for allies". 

Suppose also that for any critical point of K, under the stereographic projection coordinate 
system {j/i, • • • , j/n} with os south pole, there exist some small neighborhood i^ofO,a positive 
constant L, and j3 = l3{^o) G (n — 2a, n) such that 

||V['51x|ic,-[„(^) < L 

and 

K{y) = K{0) + Q[2^ (y) + (y) in 6, 

where Q''^^ {y) G Cl/^l^i-HS""^) satisfies Q'^^^ (Xy) = X'^Q''l\y), VA > 0, y € M", andforsome 
positive constant Aq 



^0, Vyoe 



and 

/ J^^^Q(^Hy + yo){i + \y?r'dy 
V L.Q^^Hy + yo){i + \ymdy 

andR^M e C^P^~^^\&) satisfies limj^^o Ei^o |V^i?|eo(y)|yr^+^ = 0. 

Then there exists a positive constant C > \ depending on n, a, K such that for any solution v of 
(O) 

l/C<v<C, onS". 

Proof. It follows directly from Theorem l5.2] and Theorem l5.3l □ 



Proof of the compactness part of Theorem U .2\ It is easy to check that, if K satisfies the condition in 
Theorem II. 2 1 then it must satisfy the condition in the above theorem. Therefore, we have the lower 
and upper bounds of v. The norm bound of v follows immediately. □ 

A Appendix 

A.l A Kazdan- Warner identity 

In this section we are going to show (ll.7l l. which is a consequence of the following 
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Proposition A.l. Let K > be a function on S'", and let v be a positive function in C'^{S^) 
satisfying 

P^{v)^Kv'^, onS"^. (A.l) 
Then, for any conformal Killing vector field X on S*", we have 



{VxK)v^ dVg^^ = 0. 



(A.2) 



Let (ft : ^ 5" be a one parameter family of conformal diffeomorphism (in this case they 
are Mobius transformations), depending on t smoothly, |i| < 1, and ipo — identity. Then 



d 

It' 



is a conformal Killing vector field on S"". 



(A.3) 



t=o 



Proof. The proof is standard (see, e.g., {VT\ for a Kazdan-Warner identity for prescribed scalar 
curvature problems) and we include it here for completeness. Since is a self-adjoint operator, 
(lA.ll) has a variational formulation: 



S" 



n — 2a 
2n 



Let X be a conformal Killing vector field, then there exists {ft] satisfying (IA.3I ). Let 

vt := {v o Lpt)wt 

where Wt is given by 

4 

9t ■■= f*t9S" = Wt-^' gs-n. 



Then 



vP,{v)AVg,^, 



n — 2(7 
2n 



It follows from (lA.lb that 



= ^'^^1'^ 



Vt 



t=0 



t=0 



n — 2a 
2n 



□ 



A.2 A proof of Lemma 14.41 

The classical Bocher theorem in harmonic function theory states that a positive harmonic function u 
in a punctured ball Bi \ {0} must be of the form 

, , \ —a\og\x\ + h{x), 71 — 2, 
^ ' |a|j:|2-" + n > 3, 

where a is a nonnegative constant and /i is a harmonic function in Bi. 

We are going to establish a similar result, Lemma l4!4l in our setting. Denote = {X : \X\ < 

R, t > 0}, d'B+ ^ {{x, t) : \x\ < R} and d"B = dB+ \ d'B+. 
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Proof of Lemma W4\ We adapt the proof of the Bocher theorem given in |[5). 
Define 

where r — \{x,t)\ > and dSr is the volume element of d"Br- 
By direct computation we have 

Let 

f{r)= [ ti-2-Vf/(x,i)--^d5,. 
Jd"B+ r 

Since U satisfies ( 14.181 ). by integration by parts we have 

/(ri) = /(r2), V0<ri,r2 < 1. 

Notice that 

Jd"l3+ Ja"B+ 

Thus there exists a constant b such that 

ar 

So there exist constants a and b such that 

A[[/](r) = a + fer^'^-". 

Since we have the Harnack inequalities for U as in the proof of Lemma 14.11 the rest of the 
arguments are rather similar to those in [5J and are omitted here. We refer to [5] for details. □ 

A.3 Two lemmas on maximum principles 

Lemma A.l. Let Qi = Bi x (0, 1) C M"^^, then there exists e = e{n,a) such that for all 
\a{x)\ < £|a;|-2'^, ifU e H{t^-^'' ,Qi), U >0on d"Qi, and 

I t^-^^S/US/ipy I aU{-,0)ip forallO<ip(EC^{Qi). 

JQi Jbi 

Then 

U>0 inQi. 

Proof. By a density argument, we can use as a test function. Hence we have 

ii-2-|v[/-|2 < /■ |a|([/-(.^o))2. (A.4) 
Qi Jbi 
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We extend U to be zero outside of Qi and still denote it as [/ . Then the trace 

0) e H^W). 

Since 
we have 



\\u-{-M\i.(^.)< / H(t^-(-,o))^. 

By Hardy's inequality (see, e.g., ||94l ) 

/ |x|-2-([/-(.,0))2 < \\U-{■M\\.^^.^ 

where C(n,cr) = 2^'" is the best constant. Hence if e < C{n,a), [/-(•, 0) = and 

hencebydAlll, = OinQi. □ 

Lemma A.2. Le^a(a;) e L°°{Bi). Let W G C(QT) n C^{Qi) satisfying V :,W e C(QT), 
'-div(ti-2^VW^) >0 /nQi 



-limii-2^afVK(a;,i) > a(a;)T^(x, 0) ond'Qi (A.5) 



> /« ~Q~i. 

IfU G C(QT) n C^iQi) satisfying V^U e C(Q7), t^'^^dtU e C(QT), W 
-div(il-2'Ty[/-) > /„ 

-limt^-^''dtU{x,t) >a{x)U{x,0) ond'Qi (A.6) 
U >0 ind"Qi. 

Then U > /n Qi. 

Proof Let F = C//M^. Then 

limti-2<T5^y_,_^(-_^j^^i-2<T5^l^(^^^)_^(^)p^(2;,0)) >0 ona'Qi (A.7) 

V" >0 ina"Qi. 

We are going to show that V >Q 'm Qi. If not, then we choose k such that iiifg^ u < fc < 0. Let 

Vk = V -k and = max(- Vfe , 0) . 

Multiplying V^T to jA.H . we have 
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Case 1: Suppose 1 — 2cr < 0. Denote Tk = SuppiVV^. ). Then by the Holder inequality and 
the bounds of V^W, t^-^'^dtW, 

2 f t^-^^w-W^vv^vw <c( f i^^^^lvVfc-n ' ( f t^-^^iv^f 

Jqi \Jqi J V^Ffc 

Hence it follows from (lA.SI l that 

[ t^-^^lS/V-]^ <C [ t^^^^lV^Tp. (A.9) 

Since = on d"Qi, by Lemma 2.1 in ISO), 

V-'Ql / JQi 

By (|A.9t . (lA.lOb and Holder inequality, 

/ >C. 

This yields a contradiction when k — > iufg^ u, since W = on the set ofV = inf V . 

Case 2: Suppose 1 — 2ct > 0. Denote — SuppiVf^)- Then by Holder inequality and the 
bounds of V^rW^, t^-^^dtW, 



Jqi Jqi 



Hence 



< c I v-vv- 



Jqi JQi 



JQi JQi JQi Jqi 

Since Vf7 = on d"Qi, by the proof of Lemma 2.3 in f90l, for any /? > — 1, 

JQi JQi 
In the following we choose /3 = — 1. Hence, 

jQi JQi JQi JQi 

i.e. 

Jtu Jr. Jr. Jr. 
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Fixed e > sufficiently small which will be chosen later. By the strong maximum principle inf V 
has to be attained only on d'Qi, then we can choose k sufficiently closed to infg^ V such that 
Tfe c Si X [0,e]. Then 



Choose £ small enough such that £~'^ > C + 1. It follows that 

Hence one of them has to be zero, which reaches a contradiction inmiediately. □ 
A.4 Complementarities 

Lemma A.3. Letu{x) e C^i^"") andV{-,t) =Vcr{-,t)*u{-). For any U & [W^'^ [J dW^'^) 
with U{x, 0) = u{x), 



Proof. Let < r]{x, t) < 1, Supp{r]) C B^j^, 77 = 1 in and | Vr?| < 2/R. In the end we will let 
00 and hence we may assume that U is supported in B^^^- Since diy{t^~'^^W) = 0, then 

0= / t^-^^VVVirjiU -V)) 

where we used r}{U — F) = on the boundary of in the first equaUty. 
Note that for {x, t) e B^j^XB^ 



\V{x,t)\=/3{n,a) 



2 I j.2\cr 



<l3{n,a) [ — 



<C{n,a){\xf+tY^\\u\\ 



where in the first inequality we have used that U is supported in Bt 



R/2- 
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Direct computations yield 




1/2 



■ C{n, (T)|w|Ll(R,.)(i?"+2-2--2-2n)l/2 ^ Q aS i? ^ OO 

where we used ( 12.41 ) that /gn+i t^^^'^|Vyp < oo. Therefore, we have 



^l-2<T|yy|2 < 



Finally, by Holder inequality. 



^l-2a^yy^2 < / ^l-2a|y^|2^ 



□ 
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